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Abstract 

 
Thel researchl ofl thel standardl dominationl variation,l particularlyl regularl 

restrainedl dominationl (RRD),l isl examinedl inl thel currentl paper.l Assumel 

thatl G=(V,E)l isl al graph.l Ifl thel inducedl subgraphl 〈F〉isl regular,l thel setl 

F⊆V(G)l isl al regularl restrainedl dominatingl set.l Thel minimuml 

cardinalityl ofl thel regularl restrainedl dominatingl (RRD)l setl ofl al graphl 

Gl isl designatedl byl thel notationl γ
rr

(G).l Wel investigatedl variousl RRDl 

featuresl andl establishedl al relationshipl withl otherl dominationl factors. 

 

Keywords: Graph,l Dominationl number,l Restrainedl dominationl number,l 

Regularl Restrainedl dominationl number. 

1. Introduction 

Thel termsl froml graphl theoryl thatl isn’tl coveredl herel canl bel foundl inl [4].l Inl thisl article,l 

finite,l undirected,l nontrivial,l connectedl graphsl withoutl loopsl orl manyl edgesl arel takenl intol 

consideration.l l Thel openl neighbourhoodl ofl v ∈ Vl isl specifiedl by{u ∈ v/uv ∈ E}l andl isl 

indicatedl byl N(v).l  

subgraphl ofl xl andl closedl neighbourhoodl isl definedl byl N[v] = N(v) ∪ {v}.l Wel usel 〈x〉l tol 

denotel thel inducedl andl thel maximuml degreel ofl vertexl inl al graphl Gl isl denotedl byl ∆l andl 

minimuml degreel ofl verticesl inl G = (V, l E)l isl denotedl byl l δ(G).l Thel notationl l α0(G),l α1(G)l 

isl thel minimuml cardinalityl ofl vertices(edges)l ofl al vertexl (edge)l coverl ofl Gl andl β
0

(G), l β
1
(G)l 

denotesl thel minimuml numberl ofl vertices(edges)l inl al maximall independentl setl ofl 

vertices(edges)l ofl G. 

Al setl D ⊆ Vl isl al dominatingl setl ofl G,l ifl everyl vertexl inl Dl isl adjacentl tol al vertexl inl l V −
D.l Thel dominationl numberl ofl Gl denotedl byl γ(G)l isl thel minimuml cardinalityl ofl al minimall 

dominatingl set.l Al indepthl studyl ofl dominationl shownl inl [6,7]. 

In[3],l thel conceptl ofl restrainedl dominationl wasl introducedl l andl furtherl studiedl byl Zelinkinl 

[11]. 

Al restrainedl dominatingl setl isl al setl F ⊆ V(G)l wherel everyl vertexl inl l V − Fl isl adjacentl tol 

al vertexl inl Fl andl otherl vertexl inl l V − F.l Thel restrainedl dominationl numberl ofl Gl ,l denotedl 

byl γ
r
(G)l isl thel minimuml cardinalityl ofl restrainedl dominatingl setl ofl G. 

Thel goall ofl thisl paperl isl tol presentl andl investigatel thel conceptl ofl regularl restrainedl 

dominationl andl itsl properties. 
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Al dominatingl setl Dl ofl al graphl Gl isl al regularl restrainedl dominatingl setl ifl thel inducedl subl 

graphl 〈D〉l isl regular.l Thel minimuml cardinalityl ofl regularl restrainedl dominatingl setl isl thel 

regularl restrainedl dominationl numberl ofl Gl andl denotedl byl γ
rr

(G). 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l  l l l l l l l l l l l 2.l 

RESULTS 

Thel belowl theoreml offersl thel l regularl restrainedl dominationl forl al fewl standardl graphs. 

Theoreml 1.l a)l l Forl anyl graphl G = knl (n≥3)l orl wnthenl γ
rr

(G)=1. 

l l l l l l l l l l l l l l l l l l l l l b)l l Forl anyl completel bipartitel graphl km,n(m,l n≥ 2),l thenl γ
rr

(km,n)=2. 

l l l l l l l l l l l l l l l l l l l l l c)l Forl anyl cyclel G=l C3nandl G=C4nl withl (n=l 1,l 2,l 3,l ……..)l ,l 

thenl γ
rr

(C3n)=n,l  

  γ
rr

(C4n)=2n. 

Thel proofl ofl thel abovel theoreml isl simple,l hencel omitl thel proof. 

Lemmal 1:l Forl anyl pathl P3n+1(n=1,l 2,l 3,l ………..),l γ
rr

(P3n+1)=l n + 1l andl γ
rr

(G)l doesl notl 

exitsl forl G=P2n+1l (n=1,2,4,5,………..),l G=P4nl (n=2,3,5,6,……….). 

Proof:l Supposel Dl isl al regularl restrainedl dominatingl setl ofl Ppl (p=3n+1,n=1,2,3,……………),l 

whosel vertexl setl isl V(G) = {v1, v2, v3, l … … … … … vp}. l Sincel D={v1,v4, v7, v9, … , vp−3, vp}l 

andl eachl l vi ∈ D, l 1 ≤ i ≤ p, l deg(vi)=0. 

Hencel itl isl regularl restrainedl dominatingl setl ofl G.l Thenl ∀l vj ∈V−Dl isl adjacentl tol atleastl 

onel vertexl ofl Dl andl atleastl onel vertexl ofl V−Dl andl alsol N[D]=V(G).Hencel Dl isl al γ
rr

-setl 

ofl G,l sol thatl γ
rr

(P3n+1)=n + 1.l Forl thel graphl G = P2n+1(n = 1,2,4,5,7,8, … … . ),l assumel 

D1l isl al regularl restrainedl dominatingl setl andl itsl vertexl setl isl D1 =
{v1,v4,v7,v8,v9,…….,v2p−1,v2p,v2p+1}l andl forl eachl vi ∈ D1,1≤ i ≤ 2p + 1l andl thel inducedl 

subgraphl 〈D1〉l isl notl regular.l Hencel itl isl contradictionl tol thel fact.l Forl thel graphl G = P4n(n =
2,3,5,6,8,9, … …),l assumel D2l isl al regularl restrainedl dominatingl setl l ofl G = P4nl ,l whosel 

vertexl setl D2 = {v1,v4,v7,v8,v9,…….,v2p−1,v2p}l andl eachl vi ∈ D2,l 1≤ i ≤ 2p,l onel canl 

easilyl seenl thatl thel inducedl subl graphl 〈D2〉l isl notl regular.l Hencel al contradiction.l l Forl thel 

graphl Gl = K1,nl ,l l itl isl easilyl verifiedl thatl γ
rr

l doesl notl exits. 

Theorem2:l Ifl Tl isl al treel withl n ≥ 3l vertices,l thenl γ
rr

(T)≥ ∆(T). 

Proof:l Letl B={v1, v2, v3, l … … , vn} ⊆ V(T)l bel thel setl ofl alll nonl endl verticesl inl Tl andl itl 

existsl atleastl onel vertexl ul ofl maximuml degree,l deg(u)=∆(T).l Supposel B1 =
{v1, v2, v3, l … … , vm}l bel thel setl ofl alll endl verticesl inl Tl andl B2 = {v1, v2, v3, l … … , vj} ⊆ Bl 

bel thel setl ofl verticesl thatl arel notl adjacentl tol l B1.l Thenl B1 ∪ Hl wherel H ⊆ B2l formsl al 

minimall restrainedl dominatingl setl ofl T.l Ifl thel inducedl subl graphl 〈B1 ∪ H〉l isl regular,l thenl 

{B1 ∪ H}l isl al regularl restrainedl dominatingl setl ofl T.l l l Hencel |B1 ∪ H| ≥ ∆(T)l whichl givesl 

l γ
rr

(T)≥ ∆(T). 

Al dominatingl setl K ⊆ V(G)l isl al co-regularl splitl dominatingl setl ifl thel inducedl subl graphl 

〈V − K〉l isl regularl andl disconnected.l Thel minimuml cardinalityl ofl al suchl al setl isl calledl al co-

regularl splitl dominationl numberl andl isl denotedl byl γ
crs

(G)l ,see[10]. 

Ifl thel inducedl subl graphl l 〈D〉l hasl nol edges,l thel dominatingl setl Dl ofl thel graphl G=(V,E)l isl 

anl independentl dominatingl set.l Thel lowestl cardinalityl ofl anl independentl dominatingl setl isl 

knownl asl thel independentl dominationl numberl i(G)l ofl al graphl G.l see[1]. 
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Thel followingl theoreml relatesl γ
rr

(G)l inl relationl tol γ
crs

(G)l andl i(G). 

Theoreml 3:l Tol anyl connectedl (p, q)l graphl G,l γ
rr

(G)≤ γ
crs

(G)l +i(G)l andl G ≠ Kn l (n ≥

3),l G≠W4 

Proof:l l Letl l V(G) = {v1, v2, v3, l … … , vn}l bel thel vertexl setl ofl G.l Nowl forl graphl G = Knl 

withl n ≥ 3,l G = W4.l Thenl byl definitionl ofl γ
s
l andl γ

crs
(G)l doesl notl exit.l Supposel 

D={v1, v2, v3, l … … , vp}⊆V(G)l bel al minimall dominatingl setl ofl G.l Ifl l ∀l vi ∈D, l 1≤i≤n,l 

deg(l vi)=0,l thenl Dl isl al minimall independentl dominatingl setl ofl G.l Letl 

F={v1, v2, v3, l … … , vm}⊆V(G)l bel thel minimall dominatingl setl ofl Gl suchl thatl thel inducedl 

subl graphl 〈V(G) − F〉l isl regularl andl whichl givesl morel thanl onel component.l Thenl Fl formsl 

al minimall co-regularl splitl dominatingl setl ofl G.l Supposel Ml isl thel setl ofl endl verticesl inl G,l 

thenl {D∪ M}l givesl al minimall restrainedl dominatingl setl ofl G.l Sincel eachl componentl ofl thel 

inducedl subl graphl 〈D ∪ M〉l hasl samel degree,l thenl {D∪ M}l givesl al γ
rr

-setl ofl G.l Furtherl forl 

inequalityl resultl ofl thel theorem.l Wel considerl followingl cases. 

Case1:l Supposel D=l {D∪ M}.l Thenl M=l {∅}.l Supposel D⊂l {D∪ M}.Thenl Ml ≠{∅} 

Case2:l Supposel Gl hasl cutl vertexl v ∈ Fl andl Gl containsl M,l thenl F⊂l {D∪ M}.l Ifl v ∈ Fl andl 

Gl doesl notl containl M,l thenl F=l {D∪ M}.l Froml thel abovel twol cases,l wel havel thel 

relationl |D∪M| ≤ |F|+|D|l whichl givesl γ
rr

(G)≤ γ
crs

(G)l +l l i(G). 

Thel nextl theoreml givesl γ
rr

(G)l inl termsl ofl thel numberl ofl verticesl ofl G. 

Theoreml 4:l Forl anyl connectedl (p, q)l graphl G,l γ
rr

(G)≥ ⌊
p

3
⌋.l Equalityl holdsl forl G =

C3n(n=1,2,3,…). 

Proof:l Letl l V(G) = {v1, v2, v3, l … … , vk}l bel thel vertexl setl ofl Gl withl |V(G)|=pl andl letl 

A1={v1, v2, v3, l … … , vp}l bel thel setl ofl endl verticesl inl Gl Let'sl sayl 

D={v1, v2, v3, l … … , vn}⊆V(G)−l A1l bel thel smallestl setl ofl verticesl thatl encompassesl alll thel 

verticesl inl G−l A1l suchl thatl N[D]={l V(G)−l A1}.l Thenl Dl isl al minimall dominatingl setl ofl 

G−l A1.l Furtherl ∀vm ∈{l V(G)−l A1}−D,l N(vm)≠ l ∅l andl setl A2={A1 ∪ D}l givesl restrainedl 

dominatingl setl ofl G.l Ifl thel inducedl subgraphl 〈A1 ∪ D〉l l isl regular,l thenl l A2l isl regularl 

restrainedl dominatingl setl ofl G.l Hence,l l |A1 ∪ Dl | ≥ |
V(G)

3
|l whichl givesl ,l γ

rr
(G)≥ ⌊

p

3
⌋. 

Thel followingl theoreml relatesl γ
rr

(G)l inl relationl tol thel numberl ofl edgesl ofl Gl andl ∆(G). 

Theoreml 5:l Forl anyl connectedl (p, q)l graphl G,l γ
rr

(G)l ≥ ⌊
q

∆(G)+1
⌋,l G ≠ Kn l (n ≥ 5),l andl G ≠

Km,n(m,n≥ 4). 

Proof:l Letl E={e1,e2,e3,…..……,enbel thel setl ofl edgesl inl Gl withl |E| = q.l l l Nowl forl thel 

graphl G ≠ Knl withl n ≥ 5,l supposel n ≤ 5l thel γ
rr

(G)= ⌊
q

∆(G)+1
⌋=1l andl resultl holds.l Furtherl 

ifl n > 5,l γ
rr

(G)l < ⌊
q

∆(G)+1
⌋.l Hencel G≠Knwithl n≥5.l Forl graphl G=Km,nl withl m,n< 3,l 

γ
rr

(G)=2< ⌊
q

∆(G)+1
⌋,l al contradiction.l Letl B={v1, v2, v3, l … … , vn}⊂V(G)l bel thel setl ofl endl 

verticesl inl Gl andl C = V(G) − B.l Thenl therel isl al vertexl setl H ⊆ Cl suchl thatl ∀l vj ∈ [V(G) −

(H ∪ B)]l isl adjacentl tol atleastl onel vertexl ofl {l H∪B}l andl atleastl onel vertexl ofl V(G) −
(H ∪ B).l Thenl {l H∪B}l isl al γ

r
l setl ofl G.l Ifl thel inducedl subl graphl 〈H ∪ B〉l isl regular,l thenl 

{l H∪B}l l isl al γ
rr

l setl ofl G.l Givenl thatl therel existsl forl anyl graphl Gl atl leastl onel vertexl ul 
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withl maximuml degree.l deg(u)=l ∆(G)l Thus,l itl followsl |H ∪ B| ≥ |
E

∆(G)+1
|,l whichl givesl 

γ
rr

(G)l ≥ ⌊
q

∆(G)+1
⌋. 

Thel followingl theoreml relatesl γ
rr

(G)l withl numberl ofl verticesl ofl Gl andl β
0
.l  

Theoreml 6:l Tol anyl connectedl graphl G,l γ
rr

(G)≤2(p − β
0

). 

Proof:l l Letl l V(G) = {v1, v2, v3, l … … , vn}l bel thel vertexl setl ofl Gl withl |V(G)|=pl andl letl 

V1={v1, v2, v3, l … … , vk}⊆V(G)l bel thel setl ofl verticesl suchl thatl dist(u, w) ≥ 2l andl N(u) ∪
N(w) = y,l ∀l u, w ∈ V1l andl y ∈ V(G) − l V1.l Clearlyl |V1|=β

0
(G).l Furtherl therel existsl al setl 

D={v1, v2, v3, l … … , vm}⊆V(G)l bel thel minimall setl ofl verticesl whichl coversl alll thel verticesl 

ofl G.l Hencel Dl formsl γl setl ofl G.l Supposel A={v1, v2, v3, l … … , vp} ⊂ V(G)l bel thel setl ofl 

endl verticesl inl Gl andl A1 = V(G) − A.l Thenl therel existsl al vertexl setl H ⊆ A1l suchl thatl 

∀l vj ∈ [V(G) − {H ∪ A}]l isl adjacentl tol atleastl onel vertexl ofl {H ∪ A}l andl atleastl onel vertexl 

ofl l [V(G) − {H∪A}].l Thenl {H ∪ A}l isl al γ
r
l setl ofl G.l Ifl thel inducedl subl graphl 〈H ∪ A〉l isl 

regular,l thenl l {H ∪ A}l isl al γ
rr

l setl ofl G.l Hencel |H∪A| ≤2(|V(G)|− |V1|)l whichl givesl 

γ
rr

(G)≤2(p − β
0

).l  

Al dominatingl set,l Ifl thel inducedl subl graphl 〈D〉l l hasl nol isolatedl vertices,l thenl Dl isl al totall 

dominatingl set.l Thel minimall cardinalityl ofl al totall dominatingl setl isl calledl thel totall 

dominationl numberl γ
t
(G)l ofl al graphl .Gl ,l see[2]. 

Al dominatingl setl Sl isl calledl al perfectl dominatingl set,l Whenl eachl vertexl u ∈ V − S,l N(u) ∩
S = 1.l Thel perfectl dominatingl numberl isl denotedl byl γ

p
(G), l l see[8]. 

Theoreml 7:l Forl anyl connectedl (p, q)l graphl G,l l γ
rr

(G)+l γp (G) ≤γt(G)+(p − α0)l andl G ≠

Cp[p = n + 3, n = 0,1,2,3 … …exceptl G = C3nl andl G = C4nl withl n = 1,2,3, … … ]. 

Proof:l Letl V(G) = {v1, v2, v3, l … … … … . . . … , vn}l bel thel vertexl setl ofl G.l l Nowl forl thel l l l 

l l l l l l l l l l l l l l l l l l graphl l l G ≠ Cp(p = n + 3, n = 0,1,2, … … … … . . . . ),l supposel forl G =

C3nl andl G = C4nl withl l l l l l l l l l l l l l l l l l l l l l l l l (n = 1,2,3, … … ),l γrr(G)+l γp (G)=2≤

γ
t
(G)+(p − α0)=3l andl γ

rr
(G)+l γp (G)=4=γ

t
(G)+(p − α0)l l l l l l l resultl holds.l Furtherl ifl G=l 

Cp(p = n + 3, n = 0,1,2 … … . )l exceptl G = C3nl andl G = C4nwithl l l l l l l l l l l l l l l l l l l l l l 

(n = 1,2,3, . . … ), l γ
rr

(G)+l γp (G) >γt(G)+(p − α0).l Hence,l G ≠ Cp[p = n + 3, n = 0,1,2,3 …].l 

Supposel l l B = {v1, v2, v3, l … … , vk}⊆V(G)l bel thel minimall setl ofl verticesl whichl coversl alll 

thel edgesl inl G,l thenl l l |B|=α0(G).l Letl D={v1, v2, v3, l … … … … … . . … . … , vm} ⊆V(G)l suchl 

thatl N[D]=V(G),l l l l l l l l l l thenl Dl isl al minimall dominatingl setl ofl G.l Ifl thel inducedl subl 

graphl 〈D〉l hasl nol isolatedl vertices,l thenl Dl l l l l l l l l l l l l l itselfl isl al totall dominatingl setl ofl 

G.l Otherwise,l selectl vj ∈ {V(G) − D}, 1 ≤ j ≤ nl andl l l l l l l l l l l l l l l l l l l l l l l l l l l ifl {D}∪

{vj}l l l l hasl nol l l isolatedl vertices.l Clearlyl {D∪ vj}l isl al minimall totall dominatingl setl ofl G.l 

l Furtherl letl S = {v1, v2, v3, l … … , vp} ⊆V(G)l bel thel γl setl ofl Gl andl everyl vertexl vi ∈

V(G) − Sl isl adjacentl tol exactlyl onel vertexl ofl S.l Thenl Sl isl al perfectl dominatingl setl ofl G.l 

Supposel C={v1, v2, v3, l … , vr} ⊂V(G)l bel thel setl ofl endl verticesl inl G.l Furtherl therel isl al l setl 

B1 = {C} ∪ {D}.l Thenl B1 l formsl al minimall restrainedl dominatingl setl ofl G.l Ifl thel inducedl subl 

graphl 〈C ∪ D〉l l l l l l l l l l l l l l l l l l isl regular,l clearlyl B1l isl al γ
rr

l setl ofl G.l Itl followsl thatl 

|B1|+|S| ≤ |D|+(|V(G)| − |B|)l whichl givesl γ
rr

(G)+l γp (G) ≤γt(G)+(p − α0).l Forl thel conditionl 

G ≠ Cp[p = n + 3, n = 0,1,2,3 … …exceptl G = C3nl andl G = C4nl withl n = 1,2,3, … … ]l thel 

proofl isl followedl froml theorem1. 
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Thel followingl theoreml relatesl γ
rr

(G)l withl thel numberl ofl verticesl andl edgesl ofl al graphl G. 

Theoreml 8:l Forl anyl connectedl graphl G,l γ
rr

(G)≤ 2q − p. 

Proof:l Letl A={𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑛}l bel thel vertexl setl ofl Gl withl |𝐴|=𝑝l andl letl 

E={𝑒1,𝑒2,𝑒3,………,𝑒𝑛}l bel thel setl ofl edgesl inl Gl withl |𝐸| = 𝑞.l Supposel Dl bel al minimall 

dominatingl setl ofl Gl suchl l l l l l l l l l l l l l l l l l l l l l thatl N[D]=A.l Furtherl supposel 𝑉1 =
{𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑘}⊂Al bel thel setl ofl endl verticesl inl G.l l l l l l l l l l l l l l l l Now,l ∀l 𝑣𝑗 ∈

{𝑉(𝐺) − (𝐷 ∪ 𝑉1)}l isl adjacentl tol atleastl onel vertexl ofl 𝐷 ∪ 𝑉1l andl atl leastl onel l l l l l l l l l 

vertexl ofl {𝑉(𝐺) − (𝐷∪𝑉1)}l .l Clearly{𝐷 ∪ 𝑉1}l isl al 𝛾𝑟setl ofl G.l Ifl thel inducedl subl graphl 

〈𝐷 ∪ 𝑉1〉l isl regular,l thenl {𝐷∪𝑉1}l isl al 𝛾𝑟𝑟setl ofl G.l Otherwise,l therel existsl al setl 𝑉2 =

{𝑣1, 𝑣2, 𝑣3, l … , 𝑣𝑝} ∈ {𝑉(𝐺) − (𝐷 ∪ 𝑉1)}l suchl thatl thel inducedl subgraphl 〈𝐷 ∪ 𝑉1 ∪ 𝑉2〉l isl 

regular.l Thusl {l 𝐷∪𝑉1∪𝑉2}l isl al regularl restrainedl dominatingl setl ofl G.l Hencel 

|𝐷 ∪ 𝑉1 ∪ 𝑉2| ≤ 2|𝐸|-|𝐴|l whihl givesl 𝛾𝑟𝑟(G)≤ 2𝑞 − 𝑝l Thel diameterl ofl al connectedl graphl Gl 

isl thel shortestl distancel thatl canl existl betweenl anyl twol ofl itsl furthestl vertices. 

l Onl al graphl G,l al functionl l f:V→{0,1,2}l satisfiesl thel requirementl thatl eachl vertexl ul forl 

whichl f(u)=0l isl adjacentl tol atl leastl onel vertexl vl forl whichl f(v)=2,l whichl isl knownl asl al 

Romanl dominatingl function.l Thel weightl ofl thel Romanl dominatingl functionl isl representedl byl 

thel formulal f(𝑣)=∑ l 𝑓(𝑢𝑢∈𝑣 )l .l l Thel Romanl dominatingl numberl ofl al graphl Gl isl definedl asl 

thel smallestl weightl ofl thel Romanl dominatingl functionl andl isl denotedl byl 𝛾𝑅(G). 

Withinl thel ensuingl theoreml wel relatesl ourl conceptl tol 𝛾𝑅(G)l andl 𝑖(𝐺). 

Theoreml 9:l Forl anyl connectedl graphl G,l 𝛾𝑟𝑟(𝐺)+𝑖(𝐺) ≤ 𝑑𝑖𝑎𝑚(𝐺) + 𝛾𝑅(G)l andl 𝐺 ≠ 𝐶𝑝[𝑝 =

𝑛 + 3, l l 𝑛 = 0,1,2,3 … …exceptl 𝐺 = 𝐶3𝑛l andl 𝐺 = 𝐶4𝑛l withl 𝑛 = 1,2,3, … … ]. 

Proof:l Letl V(G)=l {𝑣1,𝑣2,𝑣3, l …………………,𝑣
𝑘

}l bel thel vertexl setl ofl G.l Nowl forl thel graphl 

𝐺 ≠ 𝐶𝑝[𝑝 = 𝑛 + 3, l (l 𝑛 = 0,1,2,3 … … … … … … … ),l supposel forl 𝐺 = 𝐶3𝑛l andl 𝐺 = 𝐶4𝑛l withl 

n= 1,2,3, … …,l ,l |𝛾𝑟𝑟(𝐺) + l 𝑖(𝐺)|=2𝑛 < l |𝑑𝑖𝑎𝑚(𝐺) + 𝛾𝑅(𝐺)| = 3(2𝑛 − 1)l resultl holds.l l 

Forl thel cyclesl otherl thanl 𝐺 = 𝐶3𝑛l andl = 𝐶4𝑛l ,l thel regularl restrainedl dominatingl setl doesn’tl 

existl .l l l l l l l l l Hencel 𝐺 ≠ 𝐶𝑝[𝑝 = 𝑛 + 3, 𝑛 = 0,1,2,3 … …Nowl letl 

A=={𝑒1,𝑒2,𝑒3,………,𝑒𝑘}⊆E(G)l bel thel minimuml setl ofl edgesl whichl constitutesl thel shortestl 

distancel betweenl anyl twol distinctl verticesl 𝑢, 𝑤 ∈ 𝑉(𝐺)l withl dist(𝑢, 𝑤) = 𝑑𝑖𝑎𝑚(𝐺).l Letl 

B={𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑛} ⊆V(G)l suchl thatl 𝑁(𝑣𝑖)∩ 𝑁(𝑣𝑗) ≠ ∅l andl everyl vertexl ofl 𝑉(𝐺) − 𝐵l 

isl adjacentl tol atleastl onel vertexl ofl Bl withl N[B]=V(G)l whichl representsl Bl isl minimall 

independentl dominatingl setl ofl G.l Letl 𝑓: 𝑉 → {0,1,2}l andl partitionl thel vertexl setl V(G)l inl tol 

(𝑉0,𝑉1, 𝑉2)l inducedl byl 𝑓l withl |𝑉𝑖|=𝑛𝑖l forl i=0,1,2l supposel thel setl 𝑉2l dominatesl 𝑉0,thenl 𝑆 =
𝑉1 ∪ 𝑉2l formsl al minimall Romanl dominatingl setl ofl G.l Letl 𝐵1 = {𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑚}⊂V(G)l 

bel thel setl ofl endl verticesl inl Gl andl supposel 𝐵2 ⊂ 𝐵l inl Gl sol thatl everyl vertexl ofl {𝑉(𝐺) −
(𝐵1 ∪ 𝐵2)}l isl adjacentl tol atleastl onel vertexl ofl (𝐵1 ∪ 𝐵2)l andl atleastl onel vertexl ofl {𝑉(𝐺) −
(𝐵1 ∪ 𝐵2)}.l Clearlyl (𝐵1 ∪ 𝐵2)l isl restrainedl dominatingl setl ofl G.l Ifl thel inducedl subgraphl 

〈𝐵1 ∪ 𝐵2〉l isl regular,l thenl (𝐵1 ∪ 𝐵2)l isl al 𝛾𝑟𝑟 l setl ofl G.l l Hencel |𝐵1 ∪ 𝐵2|+|𝐵| ≤ |𝐴| + |𝑆|l 
whichl givesl 𝛾𝑟𝑟(𝐺)+l 𝑖(𝐺) ≤𝑑𝑖𝑎𝑚(𝐺) +𝛾𝑅(G). 

l Ifl thel inducedl subgraphl (V-D)l containsl nol isolatedl vertices,l thenl thel dominatingl setl D⊆V(G)l 

isl al cototall dominatingl set.l Thel lowestl cardinalityl ofl thel col totall dominatingl setl ofl Gl isl thel 

col totall dominatingl number𝛾𝑐𝑡(G)l l ofl G,l see[7] 

Thel followingl theoreml relates,l 𝛾𝑟𝑟(𝐺)l withl 𝛾𝑐𝑡l andl thel edgel dominationl number,l referl [9]. 

Theoreml 10:l Forl eachl connectedl graphl G,l 𝛾𝑟𝑟(𝐺) + 𝛾𝑐𝑡(G)≤ 𝑃 + 𝛿(𝐺) + 𝛾 ˡ(𝐺). 
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Proof:l Letl V(G)=l {𝑣1,𝑣2,𝑣3, l ……,𝑣𝑛}l bel thel vertexl setl ofl Gl withl |𝑉(𝐺)| = 𝑝l andl ifl therel 

existsl al vertexl 𝑣l withl minimuml degree,l thenl 𝑑𝑒𝑔(𝑣) = l 𝛿(𝐺).l Furtherl letl 

𝐸1={𝑒1,𝑒2,𝑒3,………,𝑒𝑛}⊆E(G)l bel thel minimall setl ofl edgesl whichl coversl alll thel edgesl inl G.l 

Suchl thatl 𝑁[𝐸1] = 𝐸(𝐺).l Thenl 𝐸1l formsl anl edgel dominatingl setl ofl G.l Letl 

A={𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑛} ⊆V(G)l bel thel minimall setl ofl verticesl whichl coversl alll thel verticesl 

inl Gl andl 𝐴1=V(G)−𝐴.l Supposel everyl vertexl inl V(G)−𝐴l isl adjacentl tol atleastl onel vertexl ofl 

A.l Thenl Al isl dominatingl setl ofl Gl andl ifl inducedl subl graphl 〈𝑉 − 𝐴〉l doesl notl l l l l l l l l l 

containl isolatedl vertices,l thenl Al isl al 𝛾𝑐𝑡l setl ofl G.l Letl 𝐴2={𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑘} ⊆V(G)l andl 

further,l ∀l 𝑣𝑚 ∈ 𝑉(𝐺) − 𝐴2,l 𝑁[𝐴2] = 𝑉(𝐺)l andl N(l 𝑣𝑚)≠ ∅,l thenl 𝐴2l formsl 𝛾𝑟setl ofl G.l Ifl 

thel inducedl subgraphl 〈𝐴2〉l isl regular,l thenl 𝐴2l isl 𝛾𝑟𝑟setl ofl G.Hencel |𝐴2| + |𝐴| ≤ |𝑉(𝐺)| +

l 𝛿(𝐺) + |𝐸1|l whichl givesl 𝛾𝑟𝑟(𝐺) + 𝛾𝑐𝑡(G)≤ 𝑃 + 𝛿(𝐺) + 𝛾 ˡ(𝐺). 

Al dominatingl setl Fl ofl Gl isl l knownl asl splitl dominatingl setl ifl thel inducedl subl graphl 〈𝑉 − 𝐹〉l 

isl disconnected.l Thel splitl dominationl numberl 𝛾𝑠(𝐺)l l isl thel minimuml cardinalityl ofl splitl 

dominatingl setl ofl G,l seel [7]. 

l Ifl thel inducedl subgraphl 〈𝑉 − 𝐾〉l isl completelyl disconnectedl withl atl leastl twol vertices,l thel 

dominatingl setl Kl ofl Gl isl saidl tol bel al strongl splitl dominatingl setl ofl G.l Thel minimuml 

cardinalityl strongl splitl dominatingl setl ofl Gl isl representedl byl thel strongl splitl dominancel 

numberl 𝛾𝑠𝑠(G),l seel [7]. 

Thel subsequentl theoreml providesl thel relationshipl l betweenl 𝛾𝑠(𝐺)l andl 𝛾𝑠𝑠(G)l withl l l 𝛾𝑟𝑟(𝐺). 

Theorem11:l Forl anyl connectedl graphl G,l l 𝛾𝑟𝑟(𝐺) + 𝛾𝑠𝑠(G)≤ 𝑞 + 𝛾𝑠(𝐺)l andl 𝐺 ≠ 𝐶𝑛+3,l l l l l 

l l l l l l l l l l l l l l l l l l l (𝑛 = 0,1,2,3 … … . )l exceptl 𝐺 = 𝐶3𝑛l andl 𝐺 = 𝐶4𝑛l withl (𝑛 = 1,2,3, … …) 

Proof:l Letl V(G)=l {𝑣1,𝑣2,𝑣3, l ………………,𝑣
𝑘

}l bel thel setl ofl verticesl inl G.l Nowl forl thel graphl 

≠ 𝐶𝑛+3 l (𝑛 = 0,1,2,3 … … . ),l supposel forl G=𝐶3𝑛 l (𝑛 = 2,3,4, … … . . . . ), l andl 𝐺 = 𝐶4𝑛l withl 

(𝑛 = 1,2,3, … … … . . … ), 𝛾𝑟𝑟(𝐺) + 𝛾𝑠𝑠 = 2 + 2 < l 𝑞 + 𝛾𝑠(𝐺)=4+2l andl resultl holds.l Furtherl ifl 

G=𝐶5 l , 𝛾𝑟𝑟(𝐺) + 𝛾𝑠𝑠(G)=5+3> l 𝑞 + 𝛾𝑠(𝐺) = 5 + 2.l Hencel 𝐺 ≠ 𝐶𝑝[𝑝 = 𝑛 + 3, 𝑛 =

0,1,2,3 … . . …,].l Letl E(G)={𝑒1,𝑒2,𝑒3,………,𝑒𝑛}l bel thel edgel setl ofl Gl withl 𝐸(𝐺) = 𝑞.l Letl 

𝐷 ⊆ 𝑉(𝐺)l bel al minimall dominatingl bel al minimall dominatingl setl ofl G.l Ifl thel inducedl subl 

graphl 〈𝑉(𝐺) − 𝐷〉l hasl morel thanl onel component,l thenl Dl itselfl isl al splitl dominatingl setl ofl 

Gl andl letl 𝐷1 ⊆ 𝑉(𝐺),l ifl thel inducedl subgraphl 〈𝑉(𝐺) − 𝐷1〉l isl totallyl disconnected,l 𝐷1l isl al 

minimall 𝛾𝑠𝑠l setl ofl G.l Furtherl A={𝑣1, 𝑣2, 𝑣3, l … … , 𝑣𝑛}⊂V(G)l bel thel setl ofl endl verticesl inl 

Gl andl 𝐵 = 𝑉(𝐺) − 𝐴.l Thenl therel existsl vertexl setl 𝐻 ⊆ 𝐵l suchl thatl ∀l 𝑣𝑗 ∈ [𝑉(𝐺) −

(𝐻 ∪ 𝐴)]l isl adjacentl tol atleastl onel vertexl ofl l 𝐻∪𝐴l l andl [𝑉(𝐺) − (𝐻 ∪ 𝐴)].l Thenl {l 𝐻∪𝐴}l 

isl al 𝛾𝑟l setl ofl G.l Ifl 〈𝐻 ∪ 𝐴〉l isl regular,l thenl (H ∪ 𝐴)l isl al l 𝛾𝑟𝑟l setl ofl G.l Hencel |(𝐻 ∪ 𝐴)l | +
|𝐷1| ≤ |𝐸(𝐺)| + |𝐷|l whichl givesl l 𝛾𝑟𝑟(𝐺) + 𝛾𝑠𝑠(G)≤ 𝑞 + 𝛾𝑠(𝐺). 

Al dominatingl setl Ml isl al strongl dominatingl set,l ifl forl everyl vertexl 𝑢 ∈ 𝑉 − 𝑀l therel existl al 

vertexl 𝑣∈𝑀l withl 𝑑𝑒𝑔 (𝑣) ≥ 𝑑𝑒𝑔 (𝑢)l andl 𝑢l isl adjacentl tol 𝑣.l 𝛾𝑠𝑡(G)l isl thel minimuml 

cardinalityl ofl al l minimall strongl dominatingl set,l see[6]. 

Similarly,l supposel al dominatingl setl Nl isl al weakl dominatingl set,l ifl forl everyl vertexl 𝑢 ∈ 𝑉 −
𝑁l an𝑑l 𝑣 ∈ 𝑁l l withl 𝑑𝑒𝑔 (𝑣) ≤ 𝑑𝑒𝑔 (𝑢)l andl 𝑢l isl adjacentl tol 𝑣.l 𝛾𝑤(G)l isl thel minimuml 

cardinalityl ofl minimall weakl dominatingl set,l see[5].l  

Thel followingl theoreml relatesl 𝛾𝑤(𝐺)l andl l 𝛾𝑠𝑡(G)l withl ourl concept. 

Theoreml 12:l Forl anyl connectedl graphl G,l 𝛾𝑟𝑟(G)+1 ≤ 𝛾𝑠𝑡(G)+𝛾𝑤(𝐺)l l andl 𝐺 ≠ 𝐶𝑛+3,l l l l l 

l l l l l l l l l l l l l l l l l l l [𝑛 = 0,1,2,3 … ….exceptl 𝐺 = 𝐶3𝑛l andl 𝐺 = 𝐶4𝑛l withl 𝑛 = 1,2,3, … …] 

Proof:l Letl V(G)=l {𝑣1,𝑣2,𝑣3, l ……,𝑣n}l bel thel vertexl setl ofl G.l Nowl forl graphl l 𝐺 = 𝐶3𝑛l andl 

𝐺 = 𝐶4𝑛l withl 𝑛 = 1,2,3, … …,l 𝛾𝑟𝑟(G)+1 = 1 + 1 ≤ 𝛾𝑠𝑡(G)+𝛾𝑤(𝐺) = 1 + 1l l andl resultl 
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holdsl tol 𝐶3.l Alsol ifl 𝐺 = 𝐶5,l l 𝛾𝑟𝑟(G)+1 = 5 + 1 > 𝛾st(G)+γ
w

(G) = 2 + 2.l Hencel G≠Cn+3,l 

(n = 0,1,2,3 … … ). l Letl D=l {v1,v2,v3, l ……,v
k

} ⊆V(G)l bel minimall setl ofl verticesl whichl coversl 

alll thel verticesl inl Gl andl supposel everyl vi ∈ V(G) − Dl isl adjacentl tol atleastl onel vertexl ofl 

D,l Dl isl al γl setl ofl G.l Supposel V(G) − D = N, l ∀l vj ∈ N, l deg (vi) ≥ deg (vj)l ∀l vi ∈ D.l Thenl 

|D|=γ
st

(G).l Furtherl supposel therel existl al vertexl setl D1 ⊆ V(G)l suchl thatl ∀l vk ∈ D1l isl 

adjacentl tol atleastl onel vertexl ofl V(G) − D1l andl l l l N [D1] =V(G),l clearlyl D1l isl al dominatingl 

setl ofl G.l Furtherl ifl ∀vi ∈ V(G) − D1,l l l deg (vm)≤ deg (vl)l andl ∀vm ∈ l D1.l Thenl l D1l isl 

al weakl dominatingl set.l Supposel A=l {v1,v2,v3, l ……,vm} ⊂V(G)l bel thel setl ofl endl verticesl inl 

G.l Thenl {D∪ A}l formsl al minimall restrainedl dominatingl setl ofl G.l Sincel eachl componentl ofl 

inducedl subl graphl |D ∪ A|l hasl samel degree,l thenl (D∪ A)l givesl al γ
rr

l setl ofl G.l Itl followsl 

thatl |D ∪ A| + 1 ≤ |D| + |D1 l |l whichl givesl γ
rr

(G)+1 ≤ γ
st

(G)+γ
w

(G)l l . 

4.  Conclusion 

Inl thisl paperl wel surveyedl selectedl resultsl onl Regularl Restrainedl dominationl inl graph.l Thesel 

resultsl estabilishl keyl relationshipl betweenl thel Regularl restrainedl dominationl numberl l l andl 

otherl parameters,l includingl thel dominationl number,l thel edgel dominationl number,l splitl 

dominationl numberl andl entirel dominationl numberl ofl al simple,l andl undirectedl graph. 
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