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Abstract 

 
Ini this paper we establish some results on Core gular total domination in line 

graph L(G). Leti ai dominating set Di of V[L(G)] be ai total dominating set of 

L(G). If the induced subgraph li <li V[𝐿(𝐺)] − 𝐷>li isli regular, theni Di is 

ai Coregular total dominating set of L(G). The minimum cardinality of ai 

minimal Coregular total dominating set is a Coregulat total domination number 

and denoted by 𝛾𝑐𝑟𝑡[𝐿(𝐺)]. 
 

Keywords: Line graph, total dominating set, Coregular, Totali dominatingi set, 

Coregular total, Dominationi number. 

1. Introduction 
Thei graphs considered here are finite and simple. Any undefined term in this paper may be found in 

Harary [6]. Wei begin by recalling some standard definitions from domination theory. A subset D⊆
i V(G) is a dominating set of G, if every vertex of V(G) − D has a neighbour in D. The domination 

number of Gi, denoted by γ(G), i isi thei minimum cardinality of aidominatingi set. 

For ai comprehensive surveyi of dominationsi ini graphs, see[7]i. Restrainedi dominationi ini graphsi 

wasi introducedi byi Domke.al[5]. Ai dominatingi seti i S⊆ i V(G)i isi ai restrainedi dominatingi seti 

ofi ai graphi Gi ifi everyi vertexi ini V(G)-Si hasi ai neighbouri ini Si asi welli asi neighbouri i ini V(G)-

S.i Thei restrainedi dominationi numberi 𝛾𝑟(G)i ofi i Gi isi thei minimumi cardinalityi ofi ai restrainedi 

dominatingi seti ofi i G. 

Ai dominatingi seti Si ofi ai graphi Gi isi saidi toi bei ai cototali dominatingi seti ofi Gi ifi thei inducedi 

subgraphi 〈𝑉(𝐺) − 𝑆〉i hasi noi isolatedi vertices.i Thei cototali dominationi numberi ofi Gi ,i isi 

denotedi 𝛾𝑐𝑜𝑡(G)i isi thei minimumi cardinalityi ofi ai cototali dominatingi seti ofi i Gi .Independentlyi 

Kulli.et.ali [8]i initiatei thei studyi ofi cototali dominationi ini graphs. 

Ai subseti D⊆ i V(G)i isi ai doublei dominatingi seti ofi Gi ifi everyi vertexi ofi Gi isi dominatedi byi 

atleasttwoi verticesi ofi ofi Di. The doublei dominationi numberi ofi Gi ,denotedi byi 𝛾𝑑𝑑(G)i ,i isi thei 

minimumi cardinalityi ofi adoublei dominatingi seti ofi G.i Thei studyi ofi doublei dominationi ini 

graphsi wasi initiatedi byi Hararyi andi Haynes.[i 6] 

Ai seti S⊆ i V(G)i isi ani independenti dominatingi seti ofi G,i ifi everyi vertexi ini inducedi i subgraphi 

〈𝑆〉i isi independent.i Thei independenti dominationi numberi i(G)i ofi Gi isi thei thei minimumi 

cardinalityi i ofi ani independenti i dominatingi setsi ofi G.Seei [1]i  

Ali dominatingli setli Sli ofli ali graphli Gli isli ali totalli dominatingli setli li ifli theli inducedli 

subgraphli 〈𝑆〉li containsli noli solitaryli edges.li Theli totalli dominationli numberli 𝛾𝑡(𝐺)li isli theli 

leastli cardinalityli ofli atotalli dominatingli setli ofli Gli .li Seeli [3].l 
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nAi seti S⊆ i E(G)i isi ani edgei dominatingi seti ofi G,i ifi everyi edgei ini E(G)-Si isi adjacenti toi 

atleasti onei edgei ini S.i Ani edgei dominatingi seti Si isi connectedi ifi thei subgraphi inducedi byi Si 

isi connectedi .Thei minimumi cardinalityi ofi connectedi i dominatingi seti Si isi calledi thei connectedi 

edgei dominatingi numberi 𝛾𝑐
|
i ofi G.i  

Ai dominatingi seti Si ofi ai graphi Gi isi perfecti dominatingi seti ifi everyi vertexi ofi V-Si isi adjacenti 

toi exactlyi onei vertexi ofi Si.i Thei minimumi cardinalityi ofi ai perfecti dominatingi seti ofi Gi isi ai 

perfecti dominationi numberi andi isi denotedi byi ,i 𝛾𝑝(𝐺)i seei [4]. 

2. Results  

wei givei thei Coregulari totali dominationi numberi ofi linei graphsi ofi somei standardi i graphs,whichi 

arei straighti forwardi ini thei followingi theorem. 

Theoremi 1: 

1.i Fori anyi Pathi 𝑃𝑝i ,i withi i 𝑝 ≥4i vertices,i  

𝛾𝑐𝑟𝑡[𝐿(𝑃3𝑛)]i =i i 2ni –i 1i wherei ni =i 1,2,3,… 

𝛾𝑐𝑟𝑡[𝐿(𝑃3𝑛+1)]i =i i 2n 

𝛾𝑐𝑟𝑡[𝐿(𝑃3𝑛+2)]i =i i 2n 

i 2.Fori i anyi Wheeli 𝑊𝑝i ,i withi 𝑝 ≥4i vertices, 

𝛾𝑐𝑟𝑡[𝐿(𝑊𝑝)]i =i i pi −i 1i . 

Theoremi 2i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺) ≤ ⌈
P

2
⌉ + i 2i ,i G≠ Wpi withi p≥ 8i i i  

𝐏𝐫𝐨𝐨𝐟: i Supposei G = WPwithi p≥ 8 

𝛾𝑐𝑟𝑡𝐿(𝐺) > ⌈
P

2
⌉ + i 2i i i i i i Hencei G≠ Wpi withi p≥ 8i  

Leti V=i {𝑣1, 𝑣2, . . . . . , 𝑣𝑛}bei thei vertexi seti ofi Gi withi |𝑉|i =i P 

Leti 𝐷1=li {𝑣1, 𝑣2, . . . . . , 𝑣𝑚}isi ai dominatingi seti ofi L(G).Supposei Mi =i V[L(G)]i −D1 

Furtheri ID2 ⊂ i Mi andi 〈D1⋃D2〉i hasi noi isolatesi suchi thati i N[D1⋃D2]i =i V[L(G)].Theni 

D1⋃D2i formsi ai totali dominatingi seti ofi L(G). 

i i i i i i i Nowi assumei 𝐷3=i [V[L(G)]−{D1⋃D2}]i andi thei inducedi i subgraphi 〈𝐷3〉i isi regulari 

.Theni i 𝐷3i isi ai 𝛾𝑐𝑟𝑡i ofi L(G).i Clearlyi iti followsi thati  

|𝐷3| ≤ ⌈
P

2
⌉i +i 2i i andi Hencei s𝛾𝑐𝑟𝑡𝐿(𝐺) ≤ ⌈

P

2
⌉ + i 2.≤] 

Theoremi 3i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺) + N ≥ 𝛾(𝐺) + i γt(G)i ,i Wherei Ni isi thei seti ofi endedgesi ,i G≠ Ppandi i G≠

Cp. 

Proof:i Supposei G= Ppandi i G= Cpi .Theni 𝛾𝑐𝑟𝑡𝐿(𝐺) + N ≱ 𝛾(𝐺) + i γt(G).i  

i i i i i i Leti F=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑚} ⊆ 𝐸(𝐺)i bei thei seti ofi alli endi edgesi ini Gi withi |𝐹|i =i N. 

i i i i i i Leti i 𝑆1=i {𝑣1, 𝑣2, . . . . . , 𝑣𝑘} ⊆ 𝑉(𝐺)i bei thei seti ofi alli endi verticesi ini Gi .Supposei 𝑆2=i 

{𝑣1, 𝑣2, . . . . . , 𝑣𝑙} ⊆ 𝑆1i bei thei minimumi seti ofi verticesi ,i whichi coversi alli verticesi ini G,suchi 

thati N[𝑆2]i =i V(G).i Theni 𝑆2i formsi ai dominatingi seti ofi G.i Furtheri ifi i thei inducedi subgraphi 

〈𝑆2〉i hasi noi isolates.Theni 𝑆2i itselfi isi ai γti seti ofi G.i Supposei ifi i deg(v1)< 1i ,theni attachi thei 

verticesi wi ∈ N(vl)i toi makei deg(v1)≥ 1i suchi thati 〈𝑆2 ∪ {𝑤𝑖}〉i hasi noi isolatedi vertexi .i 

Clearlyi 𝑆2 ∪ {𝑤𝑖}i formsi ai totali dominatingi seti ofi G. 

i i i i i i i i Leti i 𝐸1=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑘} ⊆ 𝐸(𝐺),i 𝐸2=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑙} ⊆ 𝐸(𝐺). i Theni ∀𝑒𝑖 ∈ 𝐸1i 

arei incidenti with∀𝑣𝑖 ∈ 𝑆2,andi ∀𝑒𝑗 ∈ 𝐸2i arei incidenti withi ∀𝑣𝑗 ∈ [𝑆2 ∪ {𝑤𝑖}].Leti 𝐸3=i 

{𝑒1, 𝑒2, . . . . . , 𝑒𝑛} = 𝐸(𝐺).i Theni {𝑢1, 𝑢2, . . . . . , 𝑢𝑛}=i V[L(G)]i correspondingi toi thei elementsi ofi 

𝐸3.Alsoi 𝐻1 = {𝑢1, 𝑢2, . . . . . , 𝑢𝑘} ⊂ 𝑉[𝐿(𝐺)]i correspondingi toi thei elementsi ofi 𝐸1i andi 

𝐻2 = {𝑢1, 𝑢2, . . . . . , 𝑢𝑙} ⊂ 𝑉[𝐿(𝐺)]i correspondingi toi thei elementsi ofi 𝐸2.i Supposei K} ⊂
𝑉[𝐿(𝐺)]i bei thei seti ofi verticesi whichi coversi alli thei verticesi ofi L(G)i suchi thati N[K]i =i 
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V[L(G)].Clearlyi Ki formsi ai dominatingi seti ofi L(G).Supposei thei inducedi subgraphi 〈𝐾〉i hasi noi 

isolatedi verticesi theni Ki formsi ai totali dominatingi seti ofi L(G). 

i i i i i Ifi thei inducedi subgraphi 〈𝑉[𝐿(𝐺)] − 𝐾〉isi regulari ,theni Ki isi ai 𝛾𝑐𝑟𝑡i seti ofi L(G). 

i i i i i Ifi |𝐻1| < |𝐾|i andi |𝐻2| < |𝐾|i theni iti isi easilyi showi thati i |𝐻1 ∪ 𝐻2| < |𝐾| + |𝐹| 
Whichi givesi i i i i 𝛾𝑐𝑟𝑡𝐿(𝐺) + N ≥ 𝛾(𝐺) + i γt(G).i  

Nexti theoremi relatesi 𝛾𝑐𝑟𝑡𝐿(𝐺)i ini termsi ofi dominatingi seti ofi L(G)i andi edgesi ofi G. 

Theoremi 4i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺) + 𝛾[𝐿(𝐺)] ≤ i qi ,i i G≠ Cpi i withi p≥ 7 

Proof:i Ifi G= Cpi i withi p≥ 7i verticesi ,i i 𝛾𝑐𝑟𝑡𝐿(𝐺) + 𝛾[𝐿(𝐺)] > qi  

Hencei G≠ Cpi i withi p≥ 7 

Leti E=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑛}i bei thei edgei seti ofi Gi withi |𝐸|i =i q 

Leti Hi bei thei seti ofi verticesi withi deg(𝑢𝑖)≥ 2, i ∀𝑢𝑖 ∈ 𝐻,i 1≤ 𝑖 ≤ 𝑛i ini L(G).Furtheri leti 

𝐻1 = {𝑢1, 𝑢2, . . . . . , 𝑢𝑘} ⊆ 𝑉[𝐿(𝐺)]i suchi thati dist(𝑢, 𝑣)≥ 2.Theni therei existsi ai minimali seti ofi 

verticesi 𝐻2i ini L(G),suchi thati ∀𝑢𝑖 ∈ 𝑉[𝐿(𝐺)] − 𝐻2i isi adjacenti toi atleasti onei vertexi ofi i 𝐻2.i 

Hencei 𝐻2i isi minimali 𝛾i seti ofi L(G).Supposei thei inducedi subgraphi 〈𝐻2〉i hasi noi isolatedi 

vertices.i Theni 𝐻2i itselfi isi ai minimali totali dominatingi seti ofi L(G).i Ifi ini thei inducedi subgraphi 

〈𝑉[𝐿(𝐺)] − 𝐻2〉i everyi vertexi hasi samei degreei ,i theni 𝐻2i isi ai 𝛾𝑐𝑟𝑡-i seti ofi L(G).Ifi i noti addi 

thei seti ofi verticesi {𝑤𝑖} ∈ i 𝑉[𝐿(𝐺)] − 𝐻2suchi thati thei inducedi subgraphi 〈𝑉[𝐿(𝐺)] − 𝐻2 ∪
{𝑤𝑖}〉i isi regular.i Hencei |𝐻2 ∪ {𝑤𝑖}| + i |𝐻2| ≤ |𝐸|i whichi gives 

i 𝛾𝑐𝑟𝑡𝐿(𝐺) + 𝛾[𝐿(𝐺)] ≤ i qi  

Thei followingi theoremi givesi thei relationi ofi ouri concepti withi thei edgei dominationi numberi 

andi restrainedi dominationi numberi ofi ai graphi G.i i i  

Theoremi 5i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺) ≤ i i 𝛾′(𝐺) + γr(G),i G≠ Wpi i withi pi ≥ 5 

Proof:i Ifi G= Wpi i withi pi ≥ 5,i theni i i 𝛾′(𝐺) + γr(G) < 𝛾𝑐𝑟𝑡𝐿(𝐺). 

Leti 𝐸1=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑘} ⊆ i E(G)i suchi thati fori eachi 𝑒𝑖 ∈ 𝐸1i ,i ii =i 1,2,3….k,i N(𝑒𝑖)∩ 𝐸1 =
i ∅.i Theni |𝐸1| = 𝛾′(𝐺). 
i i i i i i i Leti Ai =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑚}i bei thei seti ofi endverticesi ini G,i andi B⊆ 𝑉(𝐺) − 𝐴.Theni 

therei existsi ai vertexi seti H⊆Bi suchi thati ∀𝑢𝑘 ∈ [𝑉(𝐺) − 𝐻 ∪ 𝐴]i isi adjacenti toi atleasti onei 

vertexi ofi {i 𝐻 ∪ 𝐴i }adjacenti toi atleasti onei vertexi ofi {i 𝑉(𝐺) − 𝐻 ∪ 𝐴}.Theni i {𝐻 ∪ 𝐴}i isi ai γri 

seti ofi G.i Supposei M⊂ 𝐸1i andi 𝑀1 ⊂ 𝐸(𝐺) − 𝐸1,i theni ini L(G)i ,i {M}∪ {𝑀1} ⊂ 𝑉[𝐿(𝐺)]. 
i i i i i i i i Nowi assumei ∀𝑢𝑖 ∈ {𝑉[𝐿(𝐺)] − {M ∪ 𝑀1}]}isi adjacenti toi atleasti onei vertexi ofi {M ∪
𝑀1}i andi N[M ∪ 𝑀1]i =i V[L(G)].Thei {M ∪ 𝑀1}i isi i ai minimali i 𝛾𝑡-seti ofi L(G). 

i i i i i i i i Supposei thei inducedi subgraphi 〈𝑉[𝐿(𝐺)] − {M ∪ 𝑀1}〉i isi regular.Theni {M ∪ 𝑀1}i isi 

ai 𝛾𝑐𝑟𝑡seti ofi L(G). 

i i i i i i i i i Otherwisei addi thei seti ofi vertices{𝑢𝑘}fromi 𝑉[𝐿(𝐺)] − {M ∪ 𝑀1}i whichi makesi thei 

inducedi subgraphi 〈𝑉[𝐿(𝐺)] − {M ∪ 𝑀1} ∪ {𝑢𝑘}〉i regular,i Hence 

i |{M ∪ 𝑀1} ∪ {𝑢𝑘}| ≤ |𝐸1| + |𝐻 ∪ 𝐴|i whichi gives 

i 𝛾𝑐𝑟𝑡𝐿(𝐺) ≤ i i 𝛾′(𝐺) + γr(G). 

Withini thei ensuringi thei theoremi wei relatesi ouri concepti toi 𝛾𝑝(𝐺)i andi verticesi ofi graphi G.i 

Theoremi 6i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + γp(G) ≤ i i pi ,i G≠ Cpi i wherei i p= 2𝑛 + 1,i n=i 2,3,4…… 

Proof:i Supposei ifi Gi = Cpi withi pi =i 2n+1,i n=2,3,4…..,theni 𝛾𝑐𝑟𝑡𝐿(𝐺) + γp(G) ≤ i P+1 

i i ai contradictioni toi thei abovei resulti . 

i i i i Leti Vi =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑛}i bei thei vertexi seti ofi Gi withi |𝑉| = 𝑝i  

i i i i Leti i 𝑉1i =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑟} ⊆V(G)i suchi thati N(𝑣𝑖)∩i N(𝑣𝑗)i =i ∅i ,i ∀𝑖, 𝑗 ∈ 𝑉1.i Theni 

𝑉1i isi minimali perfecti dominatingi seti ofi graphi G.i Leti Ai =i {𝑣1
′ , i 𝑣21

′ , … . . 𝑣𝑛
′ }i ⊆ 𝑉[𝐿(𝐺)]i bei 

minimali dominatingi seti ofi L(G).i Supposei therei existsi ai minimali seti B=i i {𝑣1
′ , i 𝑣21

′ , … . . 𝑣𝑚
′ } ∈

𝑁(𝐴)i suchi thati thei inducedi subgraphi 〈𝐴 ∪ 𝐵〉i hasi noi isolatedi vertex.i Furtheri ifi i 𝐴 ∪ 𝐵i 
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coversi alli verticesi ini L(G),i theni 𝐴 ∪ 𝐵i formsi ai minimali totali dominatingi seti ofi L(G).i Ifi thei 

inducedi subgraphi 〈𝑉[𝐿(𝐺)] − {𝐴 ∪ 𝐵i }〉i isi regulari ,i theni {𝐴 ∪ 𝐵}i itselfi isi ai 𝛾𝑐𝑟𝑡i ofi 

L(G).Hencei |𝐴 ∪ 𝐵| + |𝑉1| ≤ |𝑉|i whichi givesi 𝛾𝑐𝑟𝑡𝐿(𝐺)) + γp(G) ≤i pi . 

Nexti theoremi establishi ai relationi betweeni 𝛾𝑐𝑟𝑡𝐿(𝐺)i andi independenti dominationi seti ofi graphi 

Gi withi ouri concept.i  

Theoremi 7i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝑖(𝐺) ≤ i γcrt(G) + i β0(G)i . 

Proof:i Leti Di =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑘} ⊆V(G)bei ai minimali dominatingi seti ofi G.i Ifi i ∀i 𝑣𝑖 ∈
D, i deg(𝑣𝑖)=i 0i ,theni Di isi ai independenti dominatingi seti ofi G. 

i i i i i i i i i i i Supposei Li =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑚} ⊆ i V(G)i bei thei minimumi seti ofi verticesi withi 

dist(𝑢, 𝑣)i ≥ 2i andi N(u)∩ 𝑁(𝑣) ≠ 𝑥,i i ∀i 𝑢,𝑣 ∈ Li andi 𝑥 ∈ 𝑉(𝐺) − 𝐿i .i Clearlyi |𝐿| = i β0(G). 
i i Leti F=i {𝑣1, 𝑣2, . . . . . , 𝑣𝑘} ⊂ i V(G)i bei thei seti ofi alli endverticesi ini Gi andi 𝑉′ = 𝑉 − 𝐹. 
i i Supposei 𝐷1 ⊆ 𝑉1i bei ai minimali dominatingi seti ofi G.i Furtheri ifi fori somei {𝑣𝑖}∈i N(𝐷′)i 

andi 〈𝐷′ ∪ {𝑣𝑖}〉i formsi ai minimali totali dominatingi seti ofi G.i Ifi 〈𝑉 − 𝐷′ ∪ {𝑣𝑖}〉i isi regulari 

theni 𝐷′ ∪ {𝑣𝑖}i isi ai 𝛾𝑐𝑟𝑡-seti  ofi G. 

i i i i i i i i i i i i i Furtheri leti Ai bei ai vertexi seti ofi L(G).Nowi ini L(G),leti 

𝐴1 = {𝑢1, 𝑢2, . . . . . , 𝑢𝑘} ⊂ 𝑉[𝐿(𝐺)]i bei thei seti ofi verticesi correspondingi toi edgesi whichi arei 

incidenti toi thei verticesi ofi Li ini G.i Also,i thei seti i 𝐵 = {𝑢1, 𝑢2, . . . . . , 𝑢𝑚} ⊂ 𝑉[𝐿(𝐺)]i bei thei 

seti ofi verticesi correspondingi toi edgesi whichi arei incidenti toi thei verticesi ini 𝑉1i ini G.i Supposei 

𝐴1 ⊆ 𝐴,i suchi thati ∀i 𝑢𝑖 ∈ A1i isi adjacenti toi atleasti onei vertexi ofi 𝐴1i suchi thati N[𝐴1]=i 

V[L(G)].Theni 𝐴1i formsi totali dominatingi seti ofi L(G).Supposei thei inducedi subgraphi 

〈𝑉[𝐿(𝐺)] − 𝐴1〉i isi regulari ,theni 𝐴1i isi ai 𝛾𝑐𝑟𝑡i -seti ofi L(G).Ifi noti addi thei seti ofi verticesi 

{𝑢𝑘}fromi {𝑉[𝐿(𝐺)] − 𝐴1}i whichi makesi thei inducedi subgraphi 〈𝑉[𝐿(𝐺)] − 𝐴1 ∪ {𝑢𝑘}i 〉i 

regular.i Hence 

i |𝐴1 ∪ {𝑢𝑘}| + |𝐷| ≤ |𝐷′ ∪ {𝑣𝑖}| + |𝐿|i i whichi givesi 𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝑖(𝐺) ≤ i γcrt(G) +
i β0(G).i Theoremi 8i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺) ≥ i 𝛾𝑐
1(𝐺). 

Proof:i Leti 𝐸1i =i {𝑒1, 𝑒2, . . . . . , 𝑒𝑘} ⊆ 𝐸(G)i whichi coversi alli sdgesi ofi Gi suchi thati N[𝐸1]=i 

E(G).Theni i i 𝐸1isi ai minimali edgei dominatingi seti ofi G.i Supposei K=i {𝑣1, 𝑣2, . . . . . , 𝑣𝑛}bei thei 

seti ofi alli endverticesi ofi G.i Leti 𝐸2i =i {𝑒1, 𝑒2, . . . . . , 𝑒𝑚}i bei thei seti ofi alli edgesi whichi arei 

noti incidenti toi thei verticesi ofi Ki andi ∀i 𝑒𝑖 ∈ E2i isi adjacenti toi atleasti onei edgei ofi E(G)−𝐸2.i 

Ifi thei inducedi subgraphi 𝐸2i hasi exactlyi onei componenti ,theni 𝐸2formsi ai connectedi edgei 

dominatingi seti ofi G. 

i i i i i i i i i i i Nowi ini L(G),i leti Di =i i {𝑢1, 𝑢2, . . . . . , 𝑢𝑚} ⊆ 𝑉[𝐿(𝐺)]i bei thei seti {𝑢𝑗}i ↔ {𝑒𝑗} ∈

𝐸1(𝐺),i i supposei Di bei thei minimali seti ofi verticesi withi N[D]i =V[L(G)]i andi ∀𝑢𝑚 ∈ 𝐷.Theni 

Di isi ai 𝛾-seti ofi L(G). 

i i i i i i i i i Nowi consideri H⊂ 𝑉[𝐿(𝐺)]i wherei H∈N(D)i andi therei existsi 𝐻1 ⊂ 𝐻i suchi thati 

〈𝐻1 ∪ 𝐷〉hasi noi isolates.i Clearlyi {𝐻1 ∪ 𝐷}i isi ai totali dominatingi seti ofi L(G). 

i i i i i i i Ini thei inducedi subgraph,i ifi ∀𝑣𝑖 ∈ 〈𝑉[𝐿(𝐺) − {𝐻1 ∪ 𝐷}〉i hasi samei degree,i theni 

{𝐻1 ∪ 𝐷}i isi ai 𝛾𝑐𝑟𝑡-seti ofi L(G)i .i Hencei i |𝐻1 ∪ 𝐷| ≥ |𝐸1|i i whichi formsi  

i 𝛾𝑐𝑟𝑡𝐿(𝐺) ≥ i 𝛾𝑐
1(𝐺).i  

Theoremi 9i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi withi mi endverticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + ∆′
i (𝐺) ≥ ⌈

𝑞+𝑚

2
⌉ − 1. 

Proof:i Leti Ei =i {𝑒1, 𝑒2, . . . . . , 𝑒𝑚}bei thei edgei seti ofi G,i withi |𝐸| = 𝑞i .i Supposei F=i 

{𝑣1, 𝑣2, . . . . . , 𝑣𝑚} ⊂ 𝑉(𝐺)bei thei seti ofi alli endverticesi ini Gi withi |𝐹| = 𝑚i .i Nowi assumei 𝐸1i 

=i {𝑒1, 𝑒2, . . . . . , 𝑒𝑗}i ⊆ 𝐸(G)i bei thei seti ofi alli nonendi edgesi ini G,theni therei existsi atleasti onei 

edgei withi maximumi degreei ∆′
i (𝐺)i ini 𝐸1. 
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i i i i i i i i i i i i i i i i i Furtheri leti Hi =i i {𝑢1, 𝑢2, . . . . . , 𝑢𝑛}i bei thei vertexi seti ofi L(G)i 

correspondingi toi thei elementsi ofi E(G).Supposei 𝐻1i =i i {𝑢1, 𝑢2, . . . . . , 𝑢𝑚} ⊆ 𝐻i bei thei 

minimumi seti ofi verticesi whichi coversi alli thei verticesi ini L(G).i Supposei deg(𝑢𝑖)≥ 1,i ∀𝑢𝑖 ∈
𝐻1i theni 𝐻1i isi ai 𝛾𝑡-seti ofi L(G).Otherwisei ifi deg(𝑢𝑖)< 1i ,theni attachi i thei verticesi ∀𝑢𝑗 ∈

𝑁(𝑢𝑖)i toi makei deg(𝑢𝑖)≥ 1suchi thati 〈𝐻1 ∪ {𝑢𝑗}〉i hasi noi isolatedi vertex.i Clearlyi 𝐻1 ∪ {𝑢𝑗}i 

formsi ai totali dominatingi seti ofi L(G).i Furtheri ifi 〈𝑉[𝐿(𝐺)] − 𝐻1 ∪ {𝑢𝑗〉i isi regular,theni 𝐻1 ∪

{𝑢𝑗}isi ai Coregulari totali dominatingi seti ofi L(G).i Hencei |𝐻1 ∪ {𝑢𝑗| + 𝐸1 ≥ |
|𝐹|+|𝐸|

2
| − 1i i 

whichi gives 

i 𝛾𝑐𝑟𝑡𝐿(𝐺)) + ∆′
i (𝐺) ≥ ⌈

𝑞+𝑚

2
⌉ − 1. 

i Theoremi 10i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i verticesi withi mi endverticesi , 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛾𝑐𝑜𝑡(𝐺) ≥ 𝛾𝑑𝑑(𝐺). 

Proof:i Supposei Pi =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑘} ⊆ 𝑉(𝐺)suchi thati N[P]i =i V(G).Theni Pi isi ai dominatingi 

seti ofi G.Ifi thei inducedi subgraphi 〈𝑉 − 𝑃〉hasi noi isolates,i theni Pi isi ai 𝛾𝑐𝑜𝑡-seti ofi G. 

i i i i i i i i i i i i Nowi consideri 𝑃1 = 𝑉(𝐺) − 𝑃i andi 𝑃2i =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑖} ⊆ 𝑃1,i theni 𝐷𝑑 =
𝑃 ∪ 𝑃2i formsi ai doublei dominatingi seti ofi G. 

i i i i i i i i i i i i Nowi ini i L(G),i leti Di =i {𝑢1, 𝑢2, . . . . . , 𝑢𝑛} ⊆ 𝑉[𝐿(𝐺)]i bei thei seti {𝑢𝑗}i ↔ {𝑒𝑗} ∈

𝐸(𝐺), 

1≤ 𝑗 ≤ 𝑛i wherei {𝑒𝑗}i arei incidenti withi thei verticesi ofi {𝑃 ∪ 𝑃2}i .Supposei Di bei ai minimali 

seti ofi verticesi withi N[D]=i V[L(G)]i andi ∀𝑢𝑛 ∈ 𝐷.i Theni Di isi i 𝛾-seti ofi L(G).i Supposei thei 

inducedi subgraphi 〈𝐷〉hasi noi isolatedi verticesi ,i theni Di isi ai 𝛾𝑡-seti ofi i L(G).i Ifi thei inducedi 

subgraphi 〈𝑉[𝐿(𝐺)] − {𝐷}〉i isi regular,i theni Di itselfi isi ai 𝛾𝑐𝑟𝑡seti ofi L(G).Hencei |𝐷| + |𝑃| ≥
|𝑃 ∪ 𝑃2|i whichi attainsi i 𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛾𝑐𝑜𝑡(𝐺) ≥ 𝛾𝑑𝑑(𝐺).i  

Theoremi 11i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i vertices, 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛼0(𝐺) ≤ 𝑃 + 𝛿(𝐺).i i G≠ Wpi ,i G≠ Cpi  

Proof:i Supposei Gi = Wpi i andi i Gi = Cpi .Theni 𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛼0(𝐺) ≰ 𝑃 + 𝛿(𝐺).i  
i i Leti 𝑉 = {𝑣1, 𝑣2, . . . . . , 𝑣𝑛}i bei thei vertexi seti ofi Gi withi |𝑉|i =i p. 

i i i i i i i Supposei Bi =i {𝑣1, 𝑣2, . . . . . , 𝑣𝑚} ⊆ 𝑉(𝐺),i deg(𝑣𝑖)i ≥i 2i ∀i 𝑣𝑖 ∈ 𝐵i bei thei seti ofi verticesi 

whichi coversi alli thei edgesi ini G.i Clearlyi Bi firmsi ai vertexi coveringi seti ofi G.i Leti 𝑣i bei ai 

vertexi withi minimumi degreei 𝛿(𝐺)i ini G.i Furtheri leti Di =i {𝑢1, 𝑢2, . . . . . , 𝑢𝑛} = 𝑉[𝐿(𝐺)].Leti 

D1i =i {𝑢1, 𝑢2, . . . . . , 𝑢𝑝} ⊆ 𝑉[𝐿(𝐺)]i bei thei seti ofi alli nonendi verticesi ini L(G).i Supposei 𝐷2 ⊆

𝐷1i bei thei minimumi seti ofi verticesi whichi coversi alli thei verticesi ini L(G).Ifi thei inducedi 

subgraphi 〈𝐷2〉i hasi noi isolates.Theni 𝐷2i formsi ai totali dominatingi seti ofi L(G).Otherwise,ifi 

deg(𝑢𝑗)< 1, ∀i 𝑢𝑗 ∈ 𝐷2i attachi thei verticesi 𝑤𝑖 ∈ 𝑁(𝑢𝑗)i toi makei deg(𝑢𝑗)≥ 1, i i suchi thati thei 

inducedi subgraphi 〈𝐷2 ∪ {𝑤𝑖}〉i hasi noi isolates.i Clearlyi 〈𝐷2 ∪ {𝑤𝑖}〉formsi ai minimali totali 

dominatingi seti ofi L(G).Ifi thei inducedi subgraph〈𝑉[𝐿(𝐺)] − 𝐷2 ∪ {𝑤𝑖}〉i isi regulari theni 𝐷2 ∪
{𝑤𝑖}i isi ai 𝛾𝑐𝑟𝑡i seti ofi L(G).Hencei i |𝐷2 ∪ {𝑤𝑖}| + |𝐵∣| ≤ |𝑉|i +𝛿(𝐺). 
whichi givesi thei resulti i i i i 𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛼0(𝐺) ≤ 𝑃 + 𝛿(𝐺). 

i i i i i i i i i i Ai edgei dominatingi seti Di ofi ai linei graphi L(G)i isi ai coregulari edgei dominatingi 

seti ifi thei inducedi subgraphi |𝐸[𝐿(𝐺)] − 𝐷|isi regular.Thei coregulari edgei dominationi numberi 

isi thei minimumi cardinalityi ofi ai coregulari edgei dominatingi seti ofi L(G)i andi isi denotedi byi 

𝛾𝑐𝑟
∣ 𝐿(𝐺).i Theoremi 11i :i Fori anyi connected(𝑝, 𝑞)graphi i 𝐺i withi 𝑝 ≥ 3i vertices 

𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛾 ∣(𝐺) ≥ 𝛾𝑐𝑟
∣ (𝐺).i i  

Proof:i Leti Ei =i {𝑒1, 𝑒2, . . . . . , 𝑒𝑛}bei thei edgei seti ofi G,i Nowi consideri Leti 𝐸1i =i 

{𝑒1, 𝑒2, . . . . . , 𝑒𝑚} ⊆ 𝐸(𝐺)bei thei seti ofi edgesi withi maximumi edgei degreei andi 𝐸2i =i 

{𝑒1, 𝑒2, . . . . . , 𝑒𝑘} ⊆ 𝐸(𝐺)bei thei seti ofi edgesi withi minimumi edgei degree. 

Supposei 𝐸1
∣ ⊆ 𝐸1i andi 𝐸2

∣ ⊆ 𝐸2i ifi everyi edgei ini {𝐸1
∣ ∪ i 𝐸2

∣
}i isi adjacenti toi ani edgei ini 

E(G)−{𝐸1
∣ ∪ i 𝐸2

∣ }i i theni {𝐸1
∣ ∪ i 𝐸2

∣
}formsi ai 𝛾 ∣seti ofi G. 
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i Nowi ini L(G),i leti Di =i {𝑢1, 𝑢2, . . . . . , 𝑢𝑚} ⊆ 𝑉[𝐿(𝐺)]bei thei seti ofi verticesi 

correspondingi toi thei edgesi whichi arei incidenti toi thei verticesi ofi {𝐸1
∣ ∪ i 𝐸2

∣
}ini Gi .Supposei 

𝐷1 ⊆ 𝐷i suchi thati ∀𝑢𝑗 ∈ 𝐷1isi adjacenti toi atleasti onei vertexi ofi 𝐷1andi deg(𝑢𝑖)≥ 1i suchi thati 

N[𝐷1]=i V[L(G)].Theni 𝐷1formsi ai totali dominatingi seti ofi L(G).Supposei thei inducedi subgraphi 

〈𝑉[𝐿(𝐺)] − 𝐷1〉i isi regulari .Theni 𝐷1isi 𝛾𝑐𝑟𝑡-seti ofi L(G).Ifi noti attachi thei seti ofi verticesi 

{𝑢𝑗}fromi {𝑉[𝐿(𝐺)] − 𝐷1}whichi makesi thei inducedi subgraphi 〈𝑉[𝐿(𝐺)] − 𝐷1 ∪ {𝑢𝑗}〉i isi 

regular. 

Hencei i |𝐷1 ∪ {𝑢𝑘}| + |𝛾 ∣(𝐺)| ≥ |𝐸1
∣ ∪ i 𝐸2

∣ |i .Whichi givesi thei result 

i 𝛾𝑐𝑟𝑡𝐿(𝐺)) + 𝛾 ∣(𝐺) ≥ 𝛾𝑐𝑟
∣ (𝐺).i i  

Lemma:i Fori anyi cyclei 𝐶𝑝i withi 𝑝 ≥ 3i vertices 

𝛾𝑐𝑟𝑡𝐿(𝐶𝑝)) = 𝛾𝑡
∣(𝐶𝑝) = 𝛾𝑐(𝐶𝑝).i  

4. Conclusion 

In this work, we looked line graphs with Coregular Total Domination Number. These results show a 

significant correlation between the Coregular total domination number in a line graph and many factors, 

such as the Perfect domination number,i edge domination number , connectedi dominationi  number,i 

the Restrained domination number and Double domination number, of a straightforward, undirected 

graphs with no loops. The idea behind Coregular , the regularity of the vertices of V[L(G)] − D.i D is 

thei total domination number of line graph L(G). Here, we have some broad conclusions on the ideal of 

Coregular total Domination number. Additionally, its relation with additional dominating parameters 

were discovered. 
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