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1. Introduction

The graphs considered here are finite and simple. Any undefined term in this paper may be found in
Harary [6]. We begin by recalling some standard definitions from domination theory. A subset DS
V(G) is a dominating set of G, if every vertex of V(G) — D has a neighbour in D. The domination
number of G , denoted by y(G), is the minimum cardinality of a dominating set.

For a comprehensive survey of dominations in graphs, see[7] . Restrained domination in graphs
was introduced by Domke.al[5]. A dominating set S V(G) is a restrained dominating set
of a graph G if every vertex in V(G)-S has a neighbour in S as well as neighbour in V(G)-
S. The restrained domination number y,.(G) of G is the minimum cardinality of a restrained
dominating set of G.

A dominating set S of a graph G is said to be a cototal dominating set of G if the induced
subgraph (V(G) —S) has no isolated vertices. The cototal domination number of G , is
denoted y.,+(G) is the minimum cardinality of a cototal dominating set of G .Independently
Kulli.et.al [8] initiate the study of cototal domination in graphs.

A subset DS V(G) is a double dominating set of G if every vertex of G is dominated by
atleasttwo vertices of of D . The double domination number of G ,denoted by y,;4(G) , is the
minimum cardinality of adouble dominating set of G. The study of double domination in
graphs was initiated by Harary and Haynes.[ 6]

A set SC V(G) is an independent dominating set of G, if every vertex in induced subgraph
(S) is independent. The independent domination number i(G) of G is the the minimum
cardinality of an independent dominating sets of G.See [1]

A dominating set S of a graph G is a total dominating set if the induced
subgraph (S) contains no solitary edges. The total domination number y.(G) is the
least cardinality of atotal dominating set of G . See [3].
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A set SC E(G) is an edge dominating set of G, if every edge in E(G)-S is adjacent to
atleast one edge in S. An edge dominating set S is connected if the subgraph induced by S
is connected .The minimum cardinality of connected dominating set S is called the connected

edge dominating number yCI of G.

A dominating set S of a graph G is perfect dominating set if every vertex of V-S is adjacent
to exactly one vertex of S. The minimum cardinality of a perfect dominating set of G is a
perfect domination number and is denoted by ,yp(G) see [4].

2. Results

we give the Coregular total domination number of line graphs of some standard graphs,which
are straight forward in the following theorem.

Theorem 1:

1. For any Path P, , with p =>4 vertices,
Yere|lL(P3p)] = 2n — 1 where n = 1,2,3,...
Yert [L(P3n+1)] 2n

Yert [L(Pan42)] 2n
2.For any Wheel W, , with p >4 vertices,

Vcrt[L(Wp)] = p—-1.

Theorem 2 : For any connected(p, g)graph G with p > 3 vertices ,
Yere(G) < 2]+ 2, G# W, with p 8

Proof: Suppose G = Wpwith p=> 8

YereL(G) > E] + 2 Hence G# W, with p= 8
Let V= {v,v,,..... , Uptbe the vertex set of G with |V| = P
Let D;= {vqy,vy,..... , U }is a dominating set of L(G).Suppose M = V[L(G)] —D,

Further D, € M and (D,;UD,) has no isolates such that N[D;UD,] = V[L(G)].Then
D;UD, forms a total dominating set of L(G).

Now assume D;= [V[L(G)]—{D;UD,}] and the induced subgraph (Ds) is regular
.Then D3 is a Y. Of L(G). Clearly it follows that

|Ds| < E] + 2 and Hence y.+L(G) < E] + 2.

Theorem 3 : For any connected(p, g)graph G with p > 3 vertices ,

YertL(G) + N 2 y(G) + v(G) , Where N is the set of endedges , G# Pyand G#
Cp-
Proof: Suppose G= P,and G= C, .Then y.¢L(G) + N 2 y(G) + v(G).

Let F= {ej,e,,..... ,em} € E(G) be the set of all end edges in G with |F| = N.

Let S;= {vy,vy,..... , Ui} € V(G) be the set of all end vertices in G .Suppose S,=
{vy,vy,..... ,V;} €S, be the minimum set of vertices , which covers all vertices in G,such
that N[S,] = V(G). Then S, forms a dominating set of G. Further if the induced subgraph
(S3) has no isolates.Then S, itself is a y; set of G. Suppose if deg(v;)< 1 ,then attach the
vertices w; € N(v;) to make deg(v;)=1 such that (S, U{w;}) has no isolated vertex .
Clearly S, U {w;} forms a total dominating set of G.

Let E;= {ej, e,..... ,ex} € E(G), Ey= {ej,ey,..... ,e;} € E(G). Then Ve; € E;
are incident withVv; € S;,and Ve; € E, are incident with Vv; € [S; U {w;}].Let E;3=
{er, eq,..... ,ent = E(G). Then {uq,u,,..... ,Up}= V[L(G)] corresponding to the elements of
E;.Also Hy = {uy,uy,..... ,Ugp} € VIL(G)] -corresponding to the elements of E; and
H, = {uy,uy,..... ,u;} € V[L(G)] corresponding to the elements of E,. Suppose K} C
VIL(G)] be the set of vertices which covers all the vertices of L(G) such that N[K] =
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V[L(G)].Clearly K forms a dominating set of L(G).Suppose the induced subgraph (K) has no
isolated vertices then K forms a total dominating set of L(G).

If the induced subgraph (V[L(G)] — K)is regular ,then K is a y.+ set of L(G).

If |H;| < |K| and |H,| < |K| then it is easily show that |H; U H,| < |K|+ |F]|
Which gives YereL(G) + N = y(G) + v(G).
Next theorem relates y..L(G) in terms of dominating set of L(G) and edges of G.
Theorem 4 : For any connected(p, g)graph G with p > 3 vertices ,

YertL(G) +Y[L(G)] < q, G#C, with p=7
Proof: If G=C, with p=7 vertices , ¥ ¢L(G) +y[L(G)] >q

Hence G# C, with p=7

Let E= {ej,ey,..... ,en} be the edge set of G with |E| = g
Let H be the set of vertices with deg(u;)= 2, Vu; € H, 1< i < n in L(G).Further let
Hy ={uq,uy,..... , U} € VIL(G)] such that dist(u, v)> 2.Then there exists a minimal set of

vertices H, in L(G),such that Yu; € V[L(G)] — H, is adjacent to atleast one vertex of H,.
Hence H, is minimal y set of L(G).Suppose the induced subgraph (H,) has no isolated
vertices. Then H, itself is a minimal total dominating set of L(G). If in the induced subgraph
(VIL(G)] — H,) every vertex has same degree , then H, is a Y- set of L(G).If not add
the set of vertices {w;} € V[L(G)] — H,such that the induced subgraph (V[L(G)] — H, U
{w;}) is regular. Hence |H, U {w;}| + |H,| < |E| which gives
VereL(G) +Y[L(G)] < g
The following theorem gives the relation of our concept with the edge domination number
and restrained domination number of a graph G.
Theorem 5 : For any connected(p, g)graph G with p > 3 vertices ,

YereL(G) < ¥'(G) + v, (G), G# W, with p =5
Proof: If G=W, with p =5, then y'(G) + v:(G) <y L(G).
Let E;= {es, ey ..... ,ex} S E(G) such that for each ¢; € E; , i = 1,2,3....k, N(g;)NE; =
@. Then |E;| =y'(G).

Let A = {v,v,,..... ,Um} be the set of endvertices in G, and BS V(G) — A.Then
there exists a vertex set HEB such that Vu, € [V(G) — H U A] is adjacent to atleast one
vertex of { HU A }adjacent to atleast one vertex of { V(G)—HUA}.Then {H U A} is a v,
set of G. Suppose Mc E; and M; c E(G) — E;, then in L(G) , {M}U {M,} c V[L(G)].

Now assume Vu; € {V[L(G)] — {M U M, }]}is adjacent to atleast one vertex of {M U
M;} and N[M U M;] = V[L(G)].The {MU M;} is a minimal y;-set of L(G).

Suppose the induced subgraph (V[L(G)] —{M U M;}) is regular.Then {M U M,} is
a YereSet of L(G).

Otherwise add the set of vertices{u,}from V[L(G)] — {M U M;} which makes the

induced subgraph (V[L(G)] —{M U M;} U {u;}) regular, Hence

{M U M;} U {u,}| <|Ei|l +|H U A| which gives

YertL(G) < ¥'(G) + v, (G).
Within the ensuring the theorem we relates our concept to y,(G) and vertices of graph G.
Theorem 6 : For any connected(p, g)graph G with p > 3 vertices ,

Yerel(G)) +vp(G) < p, G+ C, where p=2n+1, n=234.....

Proof: Suppose if G =Cp with p = 2n+1, n=2,3,4....then ¥ L(G) +vp(G) < P+1

a contradiction to the above result .

Let V = {vy,v,,..... , U} be the vertex set of G with [V|=p
Let V; = {vy,v,,..... ,Ur} EV(G) such that N(v;)n N(v;) = @ , Vi,j € V;. Then
V, is minimal perfect dominating set of graph G. Let A = {v{, V34, .....V5} S V[L(G)] be
minimal dominating set of L(G). Suppose there exists a minimal set B= {v;, V54, ...V} €

N(A) such that the induced subgraph (A U B) has no isolated vertex. Further if AUB
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covers all vertices in L(G), then AU B forms a minimal total dominating set of L(G). If the
induced subgraph (V[L(G)] —{AUB}) is regular , then {AU B} itself is a y. of
L(G).Hence |AU B| + |Vi| < |V| which gives y¢L(G)) +vp(G) < p .
Next theorem establish a relation between y...L(G) and independent domination set of graph
G with our concept.
Theorem 7 : For any connected(p, g)graph G with p > 3 vertices ,

YereL(G)) + (G < yere(G) + Bo(G) .
Proof: Let D = {vy,v,,..... , Ui} €V(G)be a minimal dominating set of G. If V v;€
D, deg(v;)= 0 ,then D is a independent dominating set of G.

Suppose L = {vy,v,,..... ,Um} © V(G) be the minimum set of vertices with
dist(u,v) =2 and NUNN(v) #x, YVuveL and x e V(G) —L . Clearly |L| = Bo(G).
Let F= {vy,vy,..... , Uk} © V(G) be the set of all endvertices in G and V' =V —F.

Suppose D! € V! be a minimal dominating set of G. Further if for some {v;}€ N(D’)
and (D' U {v;}) forms a minimal total dominating set of G. If (V — D’ U {v;}) is regular
then D' U {v;} is a ys¢-set of G.

Further let A be a wvertex set of L(G).Now in L(G),let
A ={u,uy,..... ,Urp} € VIL(G)] be the set of vertices corresponding to edges which are
incident to the vertices of L in G. Also, the set B = {u;, uy,..... ,Un} € VIL(G)] be the
set of vertices corresponding to edges which are incident to the vertices in V; in G. Suppose
A; © A, such that V u; € A; is adjacent to atleast one vertex of A; such that N[A;]=
VI[L(G)].Then A; forms total dominating set of L(G).Suppose the induced subgraph
(VIL(G)] — A;) is regular ,then A; is a Y. -set of L(G).If not add the set of vertices
{w, Hrom {V[L(G)] — A;} which makes the induced subgraph (V[L(G)]— A; U {u})
regular. Hence

|41 U {we 3l + DI < [D" U {v}| +|L]  which gives yL(G)) +i(G) < yere(G) +
Bo(G). Theorem 8 : For any connected(p,q)graph G with p > 3 vertices ,

VcrtL(G) = Vcl(G)

Proof: Let E; = {es, ey,..... ,ex} € E(G) which covers all sdges of G such that N[E,]=
E(G).Then  E;is a minimal edge dominating set of G. Suppose K= {v;,v,,..... , Up tbe the
set of all endvertices of G. Let E, = {e, e,,..... ,em} be the set of all edges which are
not incident to the vertices of K and V e; € E, is adjacent to atleast one edge of E(G)—E,.
If the induced subgraph E, has exactly one component ,then E,forms a connected edge
dominating set of G.

Now in L(G), let D = {uy,uy,.....,upn} S V[L(G)] be the set {u;} < {e;} €
E;(G), suppose D be the minimal set of vertices with N[D] =V[L(G)] and Vu,, € D.Then
D is a y-set of L(G).

Now consider HC V[L(G)] where HEN(D) and there exists H; € H such that
(H; U D)has no isolates. Clearly {H, U D} is a total dominating set of L(G).

In the induced subgraph, if Yv; € (V[L(G) — {H; U D}) has same degree, then
{H; UD} is a y¢¢-set of L(G) . Hence |H; UD| > |E;| which forms
YereL(G) = vZ(6).
Theorem 9 : For any connected(p, g)graph G with p > 3 vertices with m endvertices ,

Yerel(G)) + 47 (G) 2 [22| - 1.
Proof: Let E = {ej e, ..... ,emibe the edge set of G, with |E|=gq . Suppose F=
{vy,v5,..... ,Um} € V(G)be the set of all endvertices in G with |F| = m . Now assume E;

= {el,ez, ..... ,ej} C E(G) be the set of all nonend edges in G,then there exists atleast one
edge with maximum degree A’ (G) in Ej;.
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Further let H = {uq,u,,..... ,Un} be the vertex set of L(G)
corresponding to the elements of E(G).Suppose H; =  {uq,uy,..... ,Unt € H be the
minimum set of vertices which covers all the vertices in L(G). Suppose deg(u;)= 1, Vu; €
Hy then H; is a y;-set of L(G).Otherwise if deg(u;)< 1 ,then attach the vertices Vu; €
N(u;) to make deg(u;)= 1such that (H; U{w;}) has no isolated vertex. Clearly H; U {u;}
forms a total dominating set of L(G). Further if (V[L(G)] — H; U {u;) is regularthen H; U
{u;}is a Coregular total dominating set of L(G). Hence |H;U {u;|+E; = ||F|:|E|| -1
which gives
YereL(G)) + 47 (G) = |27 - 1.

Theorem 10 : For any connected(p, g)graph G with p > 3 vertices with m endvertices ,
VcrtL(G)) + Vcot(G) = Vdd(G)-
Proof: Suppose P = {v,,v,,..... , U} € V(G)such that N[P] = V(G).Then P is a dominating
set of G.If the induced subgraph (V' — P)has no isolates, then P is a y,-set of G.
Now consider P, =V(G) — P and P, = {vy,v,,..... ,v;} € P;, then D% =
P U P, forms a double dominating set of G.
Now in L(G), let D = {uy,uy,.....,up} S V[L(G)] be the set {u;} o {e;} €

E(G),
1< j <n where {e;} are incident with the vertices of {P U P,} .Suppose D be a minimal
set of vertices with N[D]= V[L(G)] and Yu, € D. Then D is y-set of L(G). Suppose the
induced subgraph (D)has no isolated vertices , then D is a y;-set of L(G). If the induced
subgraph (V[L(G)] — {D}) is regular, then D itself is a y..set of L(G).Hence |D|+ |P| =
|P U P,| which attains ¥t L(G)) + Vot (G) = Vaa(G).
Theorem 11 : For any connected(p, g)graph G with p > 3 vertices,
YereL(G)) + ao(G) < P+ 6(G). G+ W, , G¥ C,
Proof: Suppose G =W, and G =C, .Then y.L(G)) + ao(G) £ P + 6(G).
Let V ={vy,v,,..... ,Un} be the vertex set of G with |V]| = p.

Suppose B = {v;,v,,..... ,Um} € V(G), deg(v;) > 2 V v; € B be the set of vertices
which covers all the edges in G. Clearly B firms a vertex covering set of G. Let v be a
vertex with minimum degree §(G) in G. Further let D = {uy,uy,..... ,Upn} = VIL(G)].Let
D: = {ug,uy,..... ,Up} € V[L(G)] be the set of all nonend vertices in L(G). Suppose D, S
D; be the minimum set of vertices which covers all the vertices in L(G).If the induced
subgraph (D,) has no isolates.Then D, forms a total dominating set of L(G).Otherwise,if
deg(u;)< 1,V u; € D, attach the vertices w; € N(u;) to make deg(u;)= 1, such that the
induced subgraph (D, U {w;}) has no isolates. Clearly (D, U {w;})forms a minimal total
dominating set of L(G).If the induced subgraph(V[L(G)] — D, U {w;}) is regular then D, U
{w;} is a Yere Set of L(G).Hence |D, U {w;}| + |B'| < V| +6(G).
which gives the result YereL(G)) + ao(G) < P + 6(G).

A edge dominating set D of a line graph L(G) is a coregular edge dominating
set if the induced subgraph |E[L(G)]— Dl|is regular.The coregular edge domination number
is the minimum cardinality of a coregular edge dominating set of L(G) and is denoted by
¥4 L(G). Theorem 11 : For any connected(p, g)graph G with p > 3 vertices

VertL(G)) +7'(G) = v ().
Proof: Let E = {eje,,..... ,eptbe the edge set of G, Now consider Let E;
{e, ey, ..... ,em} € E(G)be the set of edges with maximum edge degree and E, =
{eq,e,,..... ,ex} € E(G)be the set of edges with minimum edge degree.

Suppose El c E; and E; C E, if every edge in {E{ U E;} is adjacent to an edge in
E(G)—{E] U E.} then {El U El}forms a y'set of G.
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Now in L(G), let D = {uy,uy,..... ,Un} S V[L(G)]be the set of vertices
corresponding to the edges which are incident to the vertices of {E{ U E;}in G .Suppose
D, € D such that Vu; € Dyis adjacent to atleast one vertex of D;and deg(u;)= 1 such that
N[D;]= VIL(G)].Then D;forms a total dominating set of L(G).Suppose the induced subgraph
(VIL(G)] — D;) is regular .Then Djis y.¢-set of L(G).If not attach the set of vertices
{u;j}rom {V[L(G)] — Dy}which makes the induced subgraph (V[L(G)]— D, U {w;}) is
regular.

Hence |Dy U {w 3|+ |y'(G)| = |EJ U E}| .Which gives the result

VertL(6)) +¥'(G) 2 v+ (6).
Lemma: For any cycle C,, with p = 3 vertices

VcrtL(Cp)) = th(Cp) = VC(CP)‘

4. Conclusion

In this work, we looked line graphs with Coregular Total Domination Number. These results show a
significant correlation between the Coregular total domination number in a line graph and many factors,
such as the Perfect domination number, edge domination number , connected domination number,
the Restrained domination humber and Double domination number, of a straightforward, undirected
graphs with no loops. The idea behind Coregular , the regularity of the vertices of V[L(G)] — D. D s
the total domination number of line graph L(G). Here, we have some broad conclusions on the ideal of
Coregular total Domination number. Additionally, its relation with additional dominating parameters
were discovered.
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