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1. Introduction

In 1965, Zadeh [1] proposed the notion of fuzzy set. Later A. Rosenfeld [5] developed fuzzy groups in
1971. The concept of ring, a generalization of a ring in algebra was introduced and studied first by
Nobusawa [14] in 1964 and generalization by Barnes [15] in1966. A generalization of both the concepts
near ring and the ring namely near ring was introduced by Bh. Satyanarayana [10,11,12], in 1999.They
developed theoretically some important concepts in near ring. Later the authors S. Ragamai, Y.
Bhargavi, T. Eswarlal [17] developed theory of fuzzy and L fuzzy ideals of near rings. Many authors
developed concepts of fuzzy theory and applications in various fields. Many extensions and
generalizations of Zadeh’s fuzzy set theory are developed so far. But fuzzy set is not enough to study
some reality problems. Characterization problems like complete colour characterization of colour
images, taste recognition of food items, decision making problems with multi aspects etc. cannot
completely be characterized by a single membership function of Zadeh’s fuzzy sets. Some of these
problems can completely be characterized by multi-membership functions of suitable multi-fuzzy sets.
To consider such situations Yager defined a fuzzy bag to be a crisp bag of X x [0,1] in 1986. Miyamoto
[16] later redefined it as fuzzy multi sets in 2000. Further studied concept of multi fuzzy sets by Sabu
Sabestain [2,3,4] and re defined multi fuzzy sets is a generalisation of theories of fuzzy sets, fuzzy sets
and intuitionistic fuzzy sets. K.Hemabala and B.Srinivas kumar[18,19,20] established algebraic
properties of neutrosophic multi fuzzy sets. In this paper, we define the multi fuzzy sets of " - near ring
and verified union and intersection of multi fuzzy ideals in T - near ring. Also, the notion of multi fuzzy
ideals of Cartesian product and verified multi anti fuzzy ideals of I" — near ring. We introduced multi
anti level fuzziness.
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Preliminaries
In this section we site the fundamental definitions that will be used in the sequel.

Definition: Let be a non empty set and be a fuzzy set over is defined by = {} where [0,1].
Definition: Let X be a non empty set. A multi — fuzzy set in X is defined as a set of ordered sequence

ik { (U ): } where : X— [0,1] for all Where ............. one can append any number of zeros
at the right end of a finite sequence of the membership values of x.

Remarks:
1. If the sequences of the membership functions have only k- terms (finite number of
terms), i is called the dimension of A.
2. The set of all multi — fuzzy sets in X of dimension k is denoted by Mi FS(X)
3. The multi fuzzy membership function pA is a function from X to [0,1]i such that for
all x in X,
PA (X) = (p1(X) , p2(X)..envennen pi(x))
4. For the sake of simplicity, we denote the multi fuzzy set
A= {(x, p1(X),u2(X)........ pi(x)) : xe X} as A=(ul, p2........... i)
Definition: Let k be a positive integer and let A and B in Mk FS(X),
where A = (Al, A2,...... Ai)and B=(B1, B2,........ Bi), then we have the following relations and
operations

1. ABifand onlyif An<Bnforalli=1,2...... 1.
2. A=Bifandonlyif An=Bnforalli=1.2,....... 1.

3.AUB= (A1 UBI, .... An U Bn) = {(x, max (Al1(x),B1(X)),............ max
(An(x),Bn(x)) : x € X}

4. ANB=(A1NBI,........... An NBn) ={(x, min (A1(x),B1(x))....... min (An(x),Bn(x)) :
x e X}

5. The multi — fuzzy complement of multi fuzzy set A is
C(A) = {x, C(A1(x)), C(A2(X)),....... C(An(x)): x € X}
where C(An(x)) is the complement of An(x) foralln=1toi
C(An(x)) = 1-An(x)

Definition: A non — empty set N with two binary operations ‘+’(addition) and °.’(multiplication) is
called a near ring if it satisfies the following axioms

1 (N, +) isagroup
2 (N,.) is a semi group
3(x+y).z=x.z+ty.zforallx,y,zeN

Precisely speaking it is a right near — ring, because it satisfies the right distributive law. We will use the
word “near- ring” to mean “right near ring”. We denote x y instead of x. y. Moreover, a near ring N is
said to be a zero — symmetric if r.0=0 for all re N, where 0 is the additive identity in N

Definition: Let (R, +) be a group and I' be a non — empty set then R is said to be a I - near ring if there
exists a mapping Rx I' x R R (the image of (x, a, y) is denoted by (x a Y) satisfying the following

Conditions
lLx+ty)az=xoaz+yaz
2.xay)Bz=xa(y Bz
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Forallx,y,zeRand a, B el

2.6 Definition: Let R be a T" - near ring A normal subgroup (1,+) of (R,+)is called
1. Aleftideal if x a (y +i )-x a ye I, for all x, ye R, ae I ,i el

2. Arightideal ifiaxelforallxeR,0el, i€l

3. An ideal if it is both a left ideal and a right ideal of R

AT - near ring R said to be a zero symmetric if a a 0 = 0 for all a € R and ae I" where 0 is the additive
identity in R

Definition: A subset M of a I'- near ring R is said to a sub I'" - near ring if there exist a mapping
M x I' x M M such that

1. (M, +) be a subgroup of (R, +)

2. (xty)yz=xyztyyzforeveryx,y,ze Mandyel

3. xyy)z=x7y(yz) foreveryx,y,ze Mandy, eI’

Definition: Let R be a I" - near ring. A fuzzy set of R is a function A: R [0,1]. Let A be a fuzzy set of
R. For a € [0,1] the set Aa = {x € R: A(x) > a} is called a level subset of A

Definition: A fuzzy subset A of a I" - near ring R is said to be a fuzzy T - near ring of R if it satisfies
the following conditions

1. A(X-y) > min{A(x), A(y)} for all x,y € R

2. A(xay) > min{A(x), A(y)} forallx,ye Randa e’

Definition: A fuzzy I - near ring A of R is called a fuzzy ideal if it satisfies the following conditions:
1. A(y+x-y) > A(x) for all x,y,z € R

2. A(xay) > A(y) forallx,ye Randa e I’

3. A(xa(zty)-xay) > A(z) forall x,y,ze Randa e "

Note: If A is a fuzzy ideal of I - near ring R then A(0) > A(x) for all x e R

Definition: Let k be a positive integer and A and B be two multi fuzzy sets of dimension K on I'- near
ring R then Cartesian product of multi fuzzy sets of A and B is defined by

AXB = {(x,y), min (A1(x) .B1(y)),........ min(Ak(x),Bk(y))/(x ,y) €e RXR}
Multi Fuzzy ldeals Of I - near ring
Definition: Let be I' - near ring, a multi fuzzy set of is called a multi fuzzy
I' - near ring if it satisfies the following conditions

1. (-)>min{), ()} forall, e

yeenenes >,
2. ()zmin{ (), ()}forall ,eandeT
yeeeenes > e )}

Where the membership sequence of x and y is defined as a non increasing sequence of

membership values of x and y.

+ 0 1 2 3 0O 0 1 2 3 1 0 1 2 3
0 0 1 2 3 0 0 0 0 O 0 0 0 0 O
1 1 0 3 2 1 0 1 1 1 1 0 0 0 O
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2 2 3 1 0 2 0 2 2 2 2
3 3 2 0 1 3 0 3 3 3 3
Then ® is a T - near ring. Define a multi fuzzy subset 4: ® — [0,1]by

A(0) = {0.8,0.7,0.6}, A(1) = {0.7,0.6,0.5}, A(2) = {0.6,0.5,0.4}, A(3) = {0.3,0.2,0.1}
Clearly A is a multi fuzzy I" - near ring of R.

o o
o O
[ ]
o O

Example: Let ® be the set of the 2x2 matrices over the set of integers and 1,4, € T, Then R is a I near
ring, Define a multi fuzzy I' - near ring of ® as

; p O
A(x) = (0.2,0.2,0.1) ifxe€ (q 0)
(0.8,0.7,0.5) otherwise
Clearly A is a multi fuzzy I" - near ring of ®.

Definition: Let A and B are two multi fuzzy I'-near ring of ® then A+B can be defined by (4 + B)(x) =
sup(min(A(y),B(z))), xX=y+z

=0, otherwise
e (h)+ ph(@)... ... wh O+ ps ) =sup{min(ui ), uk @), ... ... min(uy, (), nh(2)}
Example: From the example 3.2 we define multi fuzzy I"-near rings A and B by
A(x) =(0.8,0.7), x=0
=(0.2,0.1), otherwise
B(x) = (0.9,0.8), x=0
=(0.1,0.1), otherwise
By simple calculation shows that
(A+B)(x)=(0807), x=0
=(0.1,0.1), Otherwise

Proposition: Let A and B are two multi fuzzy I'-near ring of ® then A+B is also multi fuzzy I'-near
ring of ®.

Algebraic properties of multi fuzzy I'-near ring

Consider the 3.2 we have A(0) = {0.8,0.7,0.6}, A() = {0.7,0.6,0.5}, A(2) = {0.6,0.5,0.4}, A(3) =
{0.3,0.2,0.1}

Also we define B(0) ={0.6,0.5,0.4}, B(1) ={0.6,0.6,0.4}, B(2) ={0.7,0.6,0.4}, B(3) ={0.8,0.7,0.6}
Clearly A n B is a multi fuzzy I"-near ring of ® but 4 u B not a multi fuzzy I'-near ring.

Since,
(AUuB)(3-1) 2 min{(AUB)(3),(4UB)(1)}

(0.7,0.6,0.4) £min{(0.8,0.7,0.6),(0.7,0.6,0.5)}
(0.7,0.6,0.4) (0.7,0.6,0.5)
We observed from the example if A < B or B c A then A u B is a multi fuzzy I'-near ring

Theorem: Let 4 and B are two multi fuzzy I"-near ring of ®. Then A n B is a multi fuzzy I'-near ring of
R.

Proof:
Let Aand B are two multi fuzzy I'-near rings of ®.

Letx,yerandrtel’

1. (AnB)(x-y) =min{A(x-y),B(x-y)}
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> min{min{4(x),A4 (v)},min{B(x),B(»)}}
>min{min{A(x),B(x)},min{4 (v),B(»)}}
>min{(AnB)(x),(AnB)( )}

2.(AnB)(xty)=min{A(xty),B(xTt¥)}
>min{min{4(x),4 (»)}, min{B(x),B(»)}}
>min{min{A(x),B(x)},min{4 (v),B(»)}}
>min{(4nB)(x),(AnB)( »)}

Theorem : Let 4 and B are two multi fuzzy I'-near ring of ®. Then A u B is a multi fuzzy I'-near ring of
RifAcBorBcA.

Proof:
Let A and B are two multi fuzzy I'-near ring of »
Letx,yerandreT
Suppose A< B
1. (AuB)(x-y) = max{A(x-y),B(x-y)}
=A(x—y)
> min{A(x), 4 ()}
= min{max {{A(x),B(x)},max {4 (y), B(y)}} (since A c B)
= min{(4 U B)(x),(AUB)(¥)}
2. (AuB)(xty)=max{A(xty),B(xTty)}
= A(xTYy)
> min{A®),B(y)}
> min{max {{4(x),B(x)}.max {4 (), B(»}}
>min{(AuB)(x),(AUB)(»)}
Similarly iif B = A we get A u B is a multi fuzzy I'-near ring of .

Multi Fuzzy Ideals Of I' - Near Ring
Definition: Let ® be aT" - near ring and 4 be a multi fuzzy set in ® then 4 is said to be multi fuzzy left
(resp. right) ideal of = if it satisfies the following conditions

1. A(x —y) >min{A(x), 4 ()}

{h G =) i = y)seennnnss Walx —y)}=

{min (s (O, g s min(uy (), Ky (1))}

2. A(y+ x-y) > A(x)

WG+ x= MG+ x— Yeennnns, pa(y+ x = I {Wh ey, w0}

3. A(mr(xt n)- mr n) > A(x) (resp.right A(xr m) > A(x))

(Wimr(x + n) — mra),.......0kh(mr(x + n) — mrn)}> A0, ne.n. ., (0}

(resp,right {ud (xt m),......., 04 (xt 1)} > (U ()neennnnnns, wh ()3 forall x, y, m,ner and te T
A is called a multi fuzzy ideal of ® if 4 is both left and right multi fuzzy ideal of ®

Example: Let ® be the set of 2x2 matrices over the set of all integers and I'=I. Then ® is a " - near
ring. Let A be multi fuzzy I' - near ring defined by
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A(X) = (0.8,0.7,0.6) if x iis of the form (J )

=(0.2,0.2,0.1) , otherwise
Then clearly A(X) is a multi fuzzy ideal of x.
Example: Consider the additive group Zs={0,1,2,3,4,5} and I'={y, y,} where

1 = {0,1,0,0,0,0} ¥, = {0,0,1,0,0,0} are given by

Y1 0 1 2 3 4 5 Y2 0 1 2 3 4 5
0 0o 0 0O 0 © 0 0 0 0 O O 0
1 0 1 0 0 0 O 1 0 0 1 0 O 0
2 0 2 0 0 0 O 2 0 0 2 0 O 0
3 0 3 0 0 0 O 3 0 0 3 0 O 0
4 0 4 0 0 O0 O 4 0 0 4 0 O 0
5 0 5 0 0 0 O 5 00 5 0 O 0

Then Zg is a I - near ring with zero symmetric.
Let A be a multi fuzzy I' - near ring defined by
A(x) =(0.9,0.8,0.6), if x=0

=(0.2,0.1,0.1), otherwise

Then clearly A(X) is a multi fuzzy ideal of

Theorem: A multi fuzzy subset A of T" - near ring ® is a multi fuzzy left (resp. right) ideal of ® if and
only if each non empty multi level subset 4., a €[0,1] is left (resp. right) ideal of R.

Proof: Since 4 is multi fuzzy left (resp. right) ideal of .
Now, we have to prove that 4,= {x € X/A (x) > a}is a left (resp. right) ideal of ®.

Letx,y€ Ay, o= (01, ag,.... i)
A)Z0,AQ))Zo
A™(x) > an, A™(y) > anfor n=1,2,...1

1. A(x-y)>min{4 (x), 4 ()}

> {min{A® (x),A*(y)},min{4? (x),A2(y)}....cccvv. ... ,min {Ai(x), A' (y)}}
> {min(au, o1),min(az, 02),......... min(ai, o)}

> (ag,02,....... i)

= x-y€ Ay

2. Letxed,yeR=A(x)>a
Moreover, A (y +x -y) > A (x)> a
= yt+tx-yecd,

3. Letxedy, mneR, el = A(x)>a
Moreover,A (mz (x+n )- mt n) > A(x) > o
= mt (x+tn)-mrne A,
[ resp. right
Letxe A, meR, tel = A(x)>a

Alxtm)>Ah)>0
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= xTme€ Ay

Therefore, 4,is a left (resp. right) ideal of .

Conversely suppose that 4,is a left (resp. right) ideal of ®

Now, we will prove that A is multi fuzzy left ideal of ®.
Letx,ye®R,and A (x) =7, A (y )= P where n=(n1, n2,.... nm), p = ( P1, P2,-... Pm).
Putting o = min(y, B,)

ThereforeA(x)=n>a,A(y)=p>a,

Letx,ye 4

= x- Y€ Aq

= A(x-y) 2 o =min(n, B) = min{4 (x), 4 ()}
Againletx,y,m,n e€R, tel. Let A (x )= q.
Then x € 4,
y+x-y, mr(xtn)-mrn,xtmeA,
Aly +x-y)>a, A (mt (x+n)-mrn) > o A (xtm) >a
Aly+tx-y)>AH),A(mr (xtn)-mrn)>A(x),A(xTm)>A(x)
~ A 'is a multi fuzzy left (resp. right) ideal of ®.

Theorem: LetAand B are two multi fuzzy left (resp. right) ideals of a I"-near ring of ®. Then AuB is
also a multi fuzzy left (resp. right) ideal of a I'-near ring of R if A< B or B c A.

Proof:
A= (Whs. ..., ), B=(us,u2......., uk)

be two multi fuzzy ideals of a I' — near ring ®
Letx,y,m,neRand te I’

1. (AuB)(x-y) =maXx {wh(x —y).up (x —y)}......max {uy (x - y),uh (x - )}
> max {min (i (x) 43 (), MINQs )t ()}
max{min (s (x),1s (v )), Minus (x),n5 ()}
>max {min (u; (x),1s ()i ()i GDFevvennnnnnns
max{min (s (x),1s O")mg ()ouk ())}
> max{min (u}; (x),up (¥),ms ) G}
max{min(u; (x),uh (x),1s (). ()}
> min{max (i} (x),up (x),1s )i G)}ooeeens
min{max (i (x),u (x).1s )k (1))}
> min{ max (i (x),15 (x)).max(uwy (). GV} ...
min{max(uj (x),u5 (x)), max(uy (v).15 ()}
> min{max(u} (x),u5 (x))........... max(py (x),15 (x)),
max(uh ).k () max(iy (v).n5 ()}
> min{(4 v B)(x),(4u B)( »)}

2. A(y+tx-y)2A(x),B(y+x-y)=B (x)

AuB)(y+x-y)=max{ui (y +x-y),us (k +h-K)}..c......
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max{uy (v +x -y)up (v +x-y)}
> max {s(x),up ()} oo max {pj (x),uh (x)}
> (AUB) (x)
3. A(mr(xtn)-mrn)>A(x), B (mr (x+n)-mrn)>B (x)
(4uB) (mt (xtn)-mrn)
= max{u}(mr (x+ n)- mr n),u} (mr (x+ n)-men)}..........

max{u}(mz (x+ n)- mr n),us (me (x+ n)- mrn)}

> max{ph (x),uy ()} .o, max {ug(x)),u5 (x))}

>(AuB) (x)

(Resp. right

A (xtm)>A(x), B (xTm)>B(x)

AuB)(x tm) = max{ui(x tm),us (x tm)},.......... max {p (xt m),ug (xr m)}
> max{ui(x),us ()} e, max{u, (x)),u% (x)}

>(AuB) (x)

~ Au Bisamulti fuzzy left (resp. right) ideal of ®

Theorem : Let Aand B are two multi fuzzy left (resp. right) ideals of a I'-near ring of ®. Then AnB is
also a multi fuzzy left (resp. right) of a I'-near ring of ®.

Proof:
A= (Whs. ..., W), B= (5, uk......., us ) be two multi fuzzy ideals of a I' — near ring ®
Letx,y, m,neRand eI
1. (AnB)(x-y) =min (uj(x - y)up (x-»)}.....min {uj (x -v),u5 (x-y)}
> min{min(u; (x),1s (v)).MinCug ()oug G} -ooneeeeen
min{min(us (x),1ka(v)).min g (x).us ()}
>min {min(y (x),1h )y ()up G}
min{min(u (x).wa().mb ()omk (1))}
> min{min(u; (x).ug () )z OGN} ---ooeene
min{min(i; (x),u (x),14(). ()
> min{min (u} (x),u5 (x)),min(u} ).up G)}........
min{min(us (x),u (x)).min(ui(v).ek (7))}
>min{min(u} (x),u} (x))........... min(i (x), ui (x)),
min(uh () mg (7))-eeveeen min(;(y).eh ()}
>min{(ANB)(x ),(4nB)( ¥)}.
2. wita-y)zup (), ug O +x-y)2up (x)
(ANB) (y +x-y) =min{y} (y +x-y), 1 O +x-»)}.......
min{us (v +x -y)ug (v +x-)}
= min{p} (x)ug ()}..onnnnn min{uj (x).up (x)}
> (ANB) (%)

3. i (mr (xtn)-mrn) 24; (x), wi (mr (x+ n)-mrn) 245 (x)
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(ANB) (mt (x+ n)- mr n) = Min{ul(mz (x+ n)- mr n),u} (mr (x+ n)-

mran)}.......... min{yy (mr (x+n)-mrn),ug (mr (x+n)-mrn)}
> minged () (6)}eevveeenn . min{u, (1), (1))}
> (ANB) (X)
(Resp. right
wi (xrm) 2} (x), wg (xvm)=up (x)
ANB) (xtm) = Min{ud (cTm)ids (xTm)}yeerrnn.n, min{u, (e m) oy ( (crm)}
> min {1 ()15 ()} oo min{u, (). (x)}
> (ANB) (x)

ANB is a multi fuzzy left (resp. right) ideal of ®.

Cartesian Product of Multi Fuzzy I' - Near Ring
Definition: Letn be a positive integer and 4 and B be two multi fuzzy sets of dimension » in T" - near
rings ® and s then Cartesian product of multi fuzzy sets of 4 and B is defined by

AxB = { (x,y), min (1} (), up @))- ... min (ph(x), us ) x,y)e Rx S }

Theorem: Let 4 and B are two multi fuzzy left (resp. right) ideals of a I' — near ring ® and s then the
Cartesian product 4xB is also a multi fuzzy left (resp. right) ideal of ®x s.

Proof:
Let A and B are two multi fuzzy left (resp. right) ideals of a I" — near ring R and S

Let (x;,x2),(31,y2),(m1,m;) ,(ny,m;) ER XSand ¢ € T then
1 XB ((x1,%2)-(y1,¥2))

= (AXB)(x1-y1,%2-y2)

= min {s(x1-y1),mp (r2-y2)} Min {ud Ger-y) g (ez-y2) 3o
min {u (x1-y1).m5 (x2-v2)}
> min{min(u; (x;),wh (1)), Min ((uh Ce2) g 7))} oo
min{min(ug (x,), 15 (1)), Min((u5 (x2) 15 (v2))}

> min{min(u} (x1),15 (x2)),Min(ul )sus (72)eeeevenennnnn
mMin(uy (x) g (x2)),Min(us (v1).mi (v2))}

> min{(min(u (x) g (x2).......o min(u; (x1) 15 (x2))),
(Min(uh (1) g (v2))--.-min(y (v1), 15 (v2))}

> min{(4XB) (x1,x2),(AXB) (v1,y2)}

2. (4XB) ((y1,y2) *+(x1,%2)-(y1,2))

= AXB (y1+x17y1, ¥2+%27y2)

= min{ul (i ta-y1) b (2 +227y2) ) oo min {p (v +x17y1) .5 (v222772)}
> min {; (1), up (x2)} - min { (), uh (x2)}

> (AXB) (x1,x3).

3. (axB){(my,mz) T((x1,%2) +(11,12))-(m1,m;) T(m1,m,) }

= (AXB){fmlr(xl +n1)-(/m1r/n1),mzr(x2 +/n2)-(/m21'/n2)}

= min {ws(my7 (x1+n1)-(mt00)) 15 (ma7 (x2n,)-(matng)} ...
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min {u} (my7 (x+n)-(myong))wg (mat (xp+n,)-(myon,)}
>min {uf(x;),up (x2)} .. ... min {p (1) 15 (x2)}
z (AXB) (x11x2)'

[resp. right (AXB){(x1, x5). t(my,m,)) = (AXB){x1tmq,xtm, }

= min{pl (x,omy) 1k (xptmy)} ... min{p (x;tmy) b (x,tm,)}
= min {u(x0).mp (e2)} oo min {p(x,) 05 (x2)}
2 (AXB) (x1,x2)]

- AXB is also a multi fuzzy left (resp. right) ideal of ® x s

4. Conclusion
This paper has focused on the multi fuzzy ideals of T'- near ring R. Also, we enumerate multi level
subsets and multi anti level subsets of R and verified some properties.
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