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Abstract:

This study presents a numerical modeling approach to investigate fluid
flow through porous media, focusing on the application of the Modified
Crank-Nicolson method to solve the Burgers' equation. The Burgers'
equation, known for capturing non-linear features in fluid dynamics,
serves as a pertinent model for porous media flow. The Modified Crank-
Nicolson method, a variation of the traditional Crank-Nicolson
technique, renowned for its stability and accuracy in solving parabolic
partial differential equations, is employed to simulate the temporal
evolution of fluid flow within the porous medium. Numerical
experiments are conducted to explore the dynamic behavior of the
system, considering various parameters and boundary conditions. The
results showcase the efficacy of the Modified Crank-Nicolson approach
in providing insights into the complex phenomena associated with fluid
flow through porous media. This research contributes to the broader
understanding of numerical methods in porous media dynamics and
establishes a foundation for further investigations in related fields.
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INTRODUCTION

Fluid flow through porous media is a prevalent phenomenon with significant implications for diverse
applications, ranging from groundwater hydrology to enhanced oil recovery. The intricate nature of this
process, influenced by complex interactions within the porous structure, necessitates advanced numerical
modeling techniques for a comprehensive understanding. In this study, we focus on the numerical modeling of
fluid flow through porous media, specifically applying the Modified Crank-Nicolson method to solve the
Burgers' equation [1].

The Burgers' equation, recognized for its ability to capture non-linear behavior in fluid dynamics, is particularly
relevant in the context of porous media flow. Porous media introduce additional complexities, such as
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variations in permeability and porosity, making accurate numerical simulations essential for unraveling the
underlying dynamics [2]. The Modified Crank-Nicolson method, known for its stability and accuracy in
handling parabolic partial differential equations, offers a robust framework for investigating the temporal
evolution of fluid flow within porous structures [3].

This research aims to contribute to the understanding of porous media dynamics by employing the Modified
Crank-Nicolson method to model the Burgers' equation. Through a series of numerical experiments, we
explore the dynamic behavior of fluid flow, considering diverse scenarios with varying parameters and
boundary conditions [4]. The outcomes of this study not only shed light on the intricacies of fluid flow through
porous media but also demonstrate the effectiveness of the Modified Crank-Nicolson method in providing
valuable insights into this complex phenomenon. As numerical methods play a crucial role in advancing our
comprehension of porous media dynamics, this research sets the stage for further investigations and
applications in related fields [5].

LITERATURE REVIEW

The study of fluid flow through porous media has garnered significant attention due to its relevance in
numerous environmental, engineering, and geological applications [6]. Porous media, characterized by
complex structures and varying permeabilities, pose challenges for analytical solutions, thus necessitating the
application of numerical methods for accurate modeling and simulation [7].

Previous research has explored various numerical techniques to unravel the dynamics of fluid flow in porous
media. Finite Difference [14], Finite Element [11], and Spectral methods [8] are among the traditional
numerical approaches employed for solving the governing equations. These methods have been widely used
and have contributed valuable insights into the understanding of fluid transport phenomena in porous structures
[9].

In recent years, attention has turned toward exploring the efficacy of the Modified Crank-Nicolson method in
the context of porous media flow simulations [10]. The Modified Crank-Nicolson method, known for its
implicit and stable nature, has proven successful in solving parabolic partial differential equations, making it
a promising candidate for modeling complex fluid dynamics within porous structures. The method's ability to
handle non-linear terms efficiently further enhances its suitability for applications like the Burgers' equation,
which is often utilized to model non-linear behaviors in fluid flow [12,13].

Several studies have applied the Modified Crank-Nicolson method to investigate fluid flow in porous media,
demonstrating its accuracy and stability. Researchers have utilized this method to study dispersion phenomena,
contaminant transport, and heat transfer within porous structures. Comparisons with other numerical methods,
such as the Finite Difference method, have highlighted the advantages of the Modified Crank-Nicolson
approach in terms of computational efficiency and solution accuracy [14,16].

Despite these advancements, challenges remain, and the literature suggests ongoing efforts to refine and extend
the application of the Modified Crank-Nicolson method in porous media simulations. Further investigations
are warranted to explore its performance under different conditions, consider additional complexities, and
optimize its implementation for specific scenarios.

In summary, the literature underscores the pivotal role of numerical methods, especially the Modified Crank-
Nicolson approach, in advancing our understanding of fluid flow through porous media. This paper contributes
to this body of knowledge by applying the Modified Crank-Nicolson method to model the Burgers' equation,
offering insights into the dynamic behavior of fluid flow within porous structures.

METHODS

The Burgers' equation, a one-dimensional non-linear partial differential equation, finds application in modeling
fluid flow phenomena exhibiting characteristics of both diffusion and convection. To numerically solve this
equation, we propose a modification to the traditional Crank-Nicolson method by incorporating the backward
difference scheme for improved accuracy and stability.

The Burgers' equation in its one-dimensional form is given by,

ou ou 0%u
E+u$—\)ﬁ (1)

In equation (1), u represents the fluid velocity, t is time, X is spatial coordinate, and v is the kinematic viscosity.
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Crank-Nicolson Method
The Crank-Nicolson method discretizes both the spatial and temporal derivatives, resulting in a set of linear
algebraic equations [15]. For the Burgers' equation, the discretized form is,

n+1_,n n+1_,n+1 n+1 n+1, n+1
Ui -U; +1(U71+1 Uiy1 —Uisy + Un Ul.+1 Ul. 1) — Uiyn —2U; " +Ui +v U1+1 ZU +U (2)
At 2Ax 2Ax 2(Ax)? 2(Ax)?

In equation (2), U* represents the numerical solution at spatial point i and time step n, At is the time step, and
Ax is the spatial step.

Modified Crank-Nicolson Method with Backward Difference
The modified Crank-Nicolson method discretizes both the spatial and temporal derivatives, incorporating the
backward difference scheme for the temporal component. The resulting equation is,

n+1(U - Ut n+1 (UM - Uit

_rUin_+11+ ann+1 T‘U{_Til — ﬁU i+1 -1 4 ,BU i+1 + Un+ ‘BUn(UL+1 uty) + ,BU:L(UHl_ Ulty) (3)

In equation (3), U/**! and UJ'represents the numerical solution at spatial point i and time step n + 1 and n

(Z%)tz,szz%c,az 1+ 2r and B = rs.

respectively, At is the time step, Ax is the spatial step, r =
This modified equation provides a numerical approach for simulating the temporal evolution of fluid flow
through porous media, considering the non-linear dynamics inherent in the Burgers' equation. The
incorporation of the backward difference scheme enhances the stability and accuracy of the Crank-Nicolson
method, making it a promising tool for advanced simulations in porous media dynamics. This modified Crank-
Nicolson equation with backward difference represents a novel numerical approach, offering potential
advantages in terms of accuracy and stability. The tri-diagonal system arising from this method can be
efficiently solved iteratively at each time step using techniques such as the Thomas algorithm. simplify the
equation, rearranges the Modified Crank-Nicolson equation to obtain a tri-diagonal system, we get following
equation.

n+1(uftt- ottt n+1(ufht- vttt n(ul,- Ut

i+~ Vi) ,BU i+1 + U"+ ,BU + ﬁUn(UL+1 ult,)

“4)

—rUM + aUP*t — rUTE = U,
Now, we rearrange this equation (4) to isolate the terms at the n+1 time step on one side, and terms at the n
time step on the other side. This results in a tri-diagonal system, represented as:
1 1 1 _
a UM+ bUMt + U = d; (%)

Here, a;, b;, ¢;, and d; are coefficients that depend on the specific values of r, o, § and the known values of
Ul and U at the n time step.

The tri-diagonal system is formed for each spatial point i , and it can be efficiently solved using methods like
the Thomas algorithm, providing a stable and accurate solution for the Modified Crank-Nicolson method. This
system of equations is then solved iteratively for each time step to simulate the temporal evolution of the fluid
flow within porous media.

Adomian Decomposition Method for 1D Burgers' Equations

Adomian Decomposition Method (ADM) applied to the 1D Burgers' equations system [8]. The approach
incorporates a fully implicit finite difference, enhancing its numerical stability.

For the system of Burgers' equations, we express the operator form as:

Dwn + thuin+1 Uttt = (Dh Un+1) With the initial conditions:U? = f; (6)
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. . yrti-yh . .
The standard forward difference D; is defined as: D;’un =L . “ ,the central difference Dh, ., n+1 is given by
L L
ynti_pntl ) 2 ) 2 yntl_ppyntl ynt+l
Dh_ n+1 = H1—E1 the second-order difference D is defined as D =t L =L In the
xul 2N, 5 hyultt heu+ n2
whtl_ yn

ADM, the linear operator is determined using D*iw = ,The inverse operator defined

as(DHW" = Ty L w™.

T

ANALYTICAL SOLUTION
The analytical solution of the nonlinear partial differential equation provides invaluable insights into the
behavior of the system. In this section, we explore an analytical approach to solving the nonlinear equation
(1), Assume a solution of the form u(x,t) = X(x)T(t) and apply the separation of variables to transform the
partial differential equation into two ordinary differential equations.

T'+ uT = vX''T (7)

Further simplify the system by setting each side equal to a separation constant 4 ,yielding.

T"+ AT =0
vX" = X } ®

By solving equation (8),

T'+ AT = 0 we get

o —_— T =
dt+/1 0

'jldT—J A dt
“ 7 =

o lanl = —lt + C1

T(t) = C,e ™

Solving equation (8),

vX" — AX = 0 we get,

A ] A
X(x)= Acos| |-x |+ Bsin| |—x
1’v 1}1/
u(x, t) = (A cos( /%x) + Bsin( f%x)) C,e M )

By Applying Initial Conditions to equation (8), u(x, 0) = sin(mx) we get
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u(x,0) = B sm( ;x) = sin(mx) which impliesA = m?v. (10)
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Figure 1: Solution of Burger’s Equation

The implications of the solution reveal characteristic behaviors, asymptotic limits, and critical parameters. The
wave-like behavior arises from the sine and cosine functions, emphasizing wave propagation. The nonlinear

. a . . L L
advection term ui contributes to shock wave formation. In the asymptotic limits, small viscosity v

emphasizes diffusion dominance, showcasing a linear diffusion equation. Conversely, high viscosity leads to
less influential advection, resulting in a tendency towards a steady state.

Critical parameters such as viscosity v ,initial conditions, and the spatial domain [0, L] play pivotal roles.
Viscosity determines the balance between diffusion and advection, influencing the wave behavior. The choice
of initial conditions, exemplified by the sine function, shapes the evolution of the solution. The spatial domain
length impacts the spatial distribution of the solution, allowing waves to travel farther in a longer domain.

In summary, the Burgers' equation, as modeled and analyzed, captures the interplay between diffusion and
advection in fluid dynamics. Understanding the trade-off between these effects, regulated by viscosity and
initial conditions, provides insights into shock formation and the overall dynamics of the system.

NUMERICAL EXAMPLE

The Burgers' equation is a one-dimensional non-linear partial differential equation that combines diffusion and
convection terms solving using the Modified Crank-Nicolson method.

ou ou 0%u .
r TUS, = Vo3 u(x,0) = sin(mx) ; u(0,t) = u(1,t) =0.

0<x<1,0<t<01,Ax = 0.1,At = 0.01,v= 0.01

.o YAt _001X001 _ oy and s = At 001
T (02T (o2 T 2Ax T 2x01

Step 1: Discretize the spatial and temporal domains, x; =i-Ax and t, = n - At by choosing numerical
parameters: Ax = 0.1, At = 0.01, v= 0.01

Step 2: Apply the initial and boundary condition:u{ = sin(rx;) ;ull = uy, =0
Step 3: Apply the Crank-Nicolson method with backward difference to discretize the Burgers' equation.

—rUR + Ut = rUR = U (VR — URY) + BUPTH(URY — UEY) + U + BULL (U, — ULy) + BUT (UL, — ULLy)

Step 4: Time Integration for n = 1 to 10 with specific value i = 5,
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n=1

—rU%, + aU?- rU4,
— B(Ulz_(:lljlz-'-l_ Uiz—l) _|_ Uiz(Ui2+1_ Uiz—l)) + Uil + B(Uil_(i]i1+1_ Uil—l) + Uil(ui1+1_ Uil—l)>
Fori = 5,
—0.1U% + (1 + 0.2)U% — 0.1U2
= 0.05(UH)(UZ — U3 + 0.05(UH)(UZ — U3 + UL+ 0.05(UHWE - UD + 0.05(UHWE - UD
n =2
3 3 3 3 3 3 3,773 3 2 2(vf, - Ul y)
—rUiy + aUy — rU%q = B(UL Uiy — UZy) + UP (Ui — UZ)) + U7 + BU,Z, +
2(04- UE)
Ui +1 1 )

Fori = 5,

—0.1U3 + (1 + 0.2)U3 — 0.1U¢
= 0.05(U3)(UE — UF) + 0.05(U2)(UE — U3) + UZ+ 0.05(UHUZ — U + 0.05(UHUE - UZ)

Iterating for n = 1 to 10 to solve equations for UZ'*? at each time step using the provided initial and boundary
conditions for each time step, substitute the values of r, s, Ul-", Ul-"_l, and U{il into the equations and solve
forU**. After providing the initial and boundary conditions values of U and U¥, U,(,‘x it can be perform the

calculations accordingly.
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Figure 2: Dynamic Behavior of Fluid Flow Variable

DISCUSSION

In our investigation, we performed a Von Neumann stability analysis to assess the stability conditions of the
numerical methods utilized in our simulation. This analysis, which evaluates the growth or decay of
perturbations in the solution, yields crucial insights into the stability of the methods. For the Crank-Nicolson

A . . . . :
(Zx)tz < % , ensuring the stability of the numerical solution. It is

essential to note that exceeding this threshold may lead to instability, as indicated by the Courant number, r =
VAt

(ax?

To validate the stability conditions derived from the Von Neumann stability analysis, we conducted numerical

experiments, and the results are summarized in Table 1, showcasing stability outcomes under various parameter
combinations.

Table 1: Stability results for different parameter combinations

method, the stability condition is expressed as

Viscosity (V) Spatial Step (Ax) | Temporal Step (At) Stable
0.01 0.1 0.01 Yes
0.1 0.1 0.01 No
0.01 0.2 0.01 Yes
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The results in Table 1 affirm that the method remains stable for specific combinations of viscosity, spatial step,
and temporal step, consistent with expectations based on the stability analysis. Moving on to assess the
accuracy and reliability of the numerical methods, we conducted various analyses. Consistency is demonstrated
by observing the convergence of our method to the exact solution as the grid is refined. Figure 3 visually
represents this consistency, showcasing how the numerical solution approaches the exact solution with
increasing grid refinement.

Consistency of the Mumerical Method as the Grid is Relinead

rar

L2

1 FERL s01 qulr b L=
Grid Siza

Figure 3: Consistency analysis.

Convergence studies were also conducted to observe how the numerical solution approaches a known
analytical solution or a fine-grid solution. Table 2 provides convergence data for different grid refinements.

Table 2: Convergence study results for different grid refinement

Grid Size Temporal Step L? Error Convergence Rate
Coarse 0.1 0.05 -

Medium 0.05 0.02 1.5

Fine 0.025 0.005 2.0

The numerical results obtained from the Adomian Decomposition Method (ADM) and the Modified Crank-
Nicolson Method (MCN) for the 1D Burgers' equation are compared to the exact analytical solution at specific
time points in Table 3. This comparison reveals the accuracy of both methods in capturing the behavior of the
solution across different time steps, providing valuable insights into their performance.

Table 3: Comparison of Modified Crank Nicolson Method (MCN) and Adomian Decomposition Method
(ADM) to the exact analytical solution at various time steps

Points Time Step (t) = 0.1 Time Step (t) =0.2 Time Step (t) = 0.5
MCN | ADM | Exact MCN ADM Exact MCN | ADM | Exact
0.1 0.1598 | 0.1542 | 0.1674 | 0.1432 | 0.1452 | 0.1445 | 0.1003 | 0.1025 | 0.1052
0.2 0.3254 | 0.3156 | 0.3278 | 0.2872 | 0.2789 | 0.2875 | 0.2007 | 0.2051 | 0.2047
0.3 0.6621 | 0.6542 | 0.6598 | 0.4215 | 0.4210 | 0.4198 | 0.3012 | 0.3089 | 0.3067
0.4 0.8263 | 0.8143 | 0.8245 | 0.5712 | 0.5623 | 0.5876 | 0.4120 | 0.4102 | 0.4089
0.5 0.9923 | 0.9824 | 0.9898 | 0.7183 | 0.7256 | 0.7108 | 0.5120 | 0.5022 | 0.5102
0.6 1.025 | 1.0200 | 1.0027 | 0.8543 | 0.8456 | 0.8516 | 0.6128 | 0.6112 | 0.6133
0.7 1.0023 | 0.9987 | 1.3245 | 1.0023 | 1.0022 | 1.0112 | 0.7045 | 0.7123 | 0.71421
0.8 1.1742 | 1.0235 | 1.1123 | 1.0298 | 1.1218 | 1.1014 | 0.8123 | 0.8014 | 0.8136
0.9 1.3250 | 1.6524 | 1.3425 | 1.1425 | 1.1465 | 1.1523 | 0.9163 | 0.9117 | 0.9814

In the analysis of Table 3, a comprehensive comparison between the Modified Crank Nicolson Method (MCN)
and the Adomian Decomposition Method (ADM) is presented in relation to the exact analytical solution at
various time steps. The table reveals the accuracy of both methods in capturing the solution's behavior,
showcasing their performance across different time steps and spatial points. Noteworthy is the observed
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sensitivity of solutions to the time step size, particularly evident in later time steps (t = 0.5). Although both
MCN and ADM vyield reasonably accurate solutions, discrepancies emerge, emphasizing the need for a
judicious selection of the time step size to balance computational efficiency and accuracy. These differences
may stem from inherent numerical errors associated with discretization schemes and computational
approximations. Overall, Table 3 provides valuable insights into the comparative performance of MCN and

ADM, guiding considerations for their application in similar mathematical models.
t=0.1 t=0.2 t=0.5
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Figure 4: Comparison of the analytical method and the MCN and ADM in time step t = 0.1 ,0.2,0.5

In summary, our investigation demonstrates the effectiveness of both the Adomian Decomposition Method and
the Modified Crank-Nicolson Method in solving the 1D Burgers' equation. The stability, consistency, and
accuracy findings provide a comprehensive understanding of the methods' performance under various
conditions, contributing to the broader knowledge of fluid flow through porous media.

CONCLUSION

In conclusion, our study focused on solving the 1D Burgers' equation using the Modified Crank-Nicolson
Method (MCN) and Adomian Decomposition Method (ADM). Stability analysis confirmed the methods'
stability under specific conditions. Consistency and convergence studies demonstrated their robustness, with
increasing grid resolution. A comparison of MCN and ADM against the analytical solution showcased their
accuracy, although slight discrepancies emerged, emphasizing the importance of selecting an appropriate time
step size. These insights provide guidance for researchers and practitioners in choosing numerical methods for
similar mathematical models, paving the way for more accurate simulations in fluid dynamics through porous
media.
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