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Abstract

Let G (V, E) be a simple graph of order p and size q. Let ¢: V (G) —
Zs — {0} be a function. For each edge set E (G) define the labeling
@*:E (G) > Zs by w*(uv)z[%] (mod 4) where ¢(u) = ¢(v). The
function ¢ is called Quotient-4 cordial labeling of G if |v,(i) — V,(j)| <
1,1 <1i,j< 4, i#j where v,(x) denote the number of vertices labeled
with x and |e,(k) —e,()| <1, 0 < k, 1 < 3,k # [, where e,(y) denote
the number of edges labeled with y. Here some caterpillar graphs
such as star graph (Sn), Bistar graph (Bn,), Pn [N] graph, P, [No]
graph, Pn [Ne] graph, Twig graph (Tm), (Pn © Kai, 1), S(Sn), S(Bn,n),
S(Pn [ND), S(Pn [No]), S(Pn [Ne]), S(Tm) and S(Pn © Kji, 1) graph
proved to be quotient-4 cordial graphs.

Keywords: Caterpillar graph, lobster graph, Star graph, Bistar
CC License graph, Twig graph, subdivision graph, Quotient-4 cordial labeling,
CC-BY-NC-SA 4.0 Quotient-4 cordial graph.

1. INTRODUCTION

Here the graphs considered are finite, simple, undirected and non-trivial. Graph theory has a good
development in the graph labeling and has a broad range of applications. Refer Gallian [6] for more
information. The cordial labeling concept was first introduced by Cahit [2]. H- and H2 —cordial labeling was
introduced by Freeda S and Chellathurai R.S [4]. Mean Cordial Labeling was introduced by Albert William,
Indira Rajasingh, and S Roy [1]. A graph G is said to be quotient-4 cordial graph if it receives quotient-4
cordial labeling .Let v,(i) denotes the number of vertices labeled with i and e,(k) denotes the number of
edges labeled with k, 1 <i<4,0<k < 3.

2. DEFINITIONS

Definition: 2.1[9] Let G (V, E) be a simple graph of order p and size q. Letp: V (G) - Zs — {0} be a
function. For each edge set E (G) define the labeling ¢*: E (G) — Z4 by <p*(uv):[%] (mod 4) where
@ (U) = @ (v). The function ¢ is called Quotient-4 cordial labeling of G if Vo()—Ve()<1,1<1,
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J < 4, i#] where v,(x) denote the number of vertices labeled with x and |e  (K) —e o ()] < 1,0<k, [l <
3, k # L, where ey(y) denote the number of edges labeled with y.

Definition: 2.2[3] A tree is a connected acyclic graph.

Definition: 2.3[3] A caterpillar is a tree whose non-leaf vertices form a path.

Definition: 2.4[7] A lobster is a tree with the property that the

removal of the end points leaves a caterpillar.

Definition: 2.5[10] A star graph is a complete bipartite graph Ky, » and it is denoted by S.

Definition: 2.6[10] A bistar graph B, is the graph obtained by joining the center vertex of two copies of
Kin by an edge.

Definition: 2.7 A graph P, [N], n > 2 is obtained from a path of length n-1 by attaching r pendant edges to
each r'"vertex, 1 < r < n of the path P..

Definition: 2.8 A graph P, [No], n = 3 is obtained from a path of length n-1 by attaching 2r-1 pendant edges
to each (2r-1)"vertex, 1 < r < n of the path P,.

Definition: 2.9 A graph P, [Ne], n > 2 is obtained from a path of length n-1 by attaching 2r pendant edges to
each (2r)"vertex, 1 < r < n of the path P,.

Definition: 2.10[8] A graph got from a path by attaching only two pendent edges to all vertices except the
end vertices of the path is called a twig graph Tm, where m is the set of internal vertices. Generally a twig
graph Tm has 3m + 2 vertices and 3m + 1 edges.

Definition: 2.11[5] If x = uv is a line of G and w is not a point of G, then the line x is said to be subdivided
when it is replaced by lines uw and wv. If every line of G is subdivided, the resulting graph is the
subdivision graph S (G).

3. MAIN RESULT

3.1 SOME TYPES OF CATERPILLAR GRAPHS.

Theorem 3.1.1: Any star graph G = S, is quotient-4 cordial.

Proof: LetV (G)={u,vi: 1 <i <n}andE (G) ={(uvi) :1<i < n}.
Here |V (G)|=n+1, |E (G)| =n.

Define ¢ : V(G) — {1,2,3,4} by ¢ (u) = 1.

Fori,1<i <n.

@ (vi)=1,ifi =0 (mod 4).

@ (vi) =2, ifi =3 (mod 4).

@ (vi) =3, ifi =2 (mod 4).

@ (vi) =4, ifi =1 (mod 4).

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
n = 0(mod 4) n n n n
4 +1 4 4 4

n = 1(mod 4) n+3 n+3 1 n+3 L n+3
4 4 4 4

n = 2(mod 4) n+2 n+2 1 n+2 n+2
4 4 4 4

n = 3(mod 4) n+1 n+1 n+1 n+1
4 4 4 4

Table 3.1.1

Nature of n e,(0) e,(1) e(2) e,(3)

n = 0(mod 4) n n n n
4 4 4 4

n = 1(mod 4) n+3 n+3 1 n+3 1 n+3 "
4 4 4 4

n = 2(mod 4) n+2 n+2 n+2 1 n+2
4 4 4 4

n = 3(mod 4) n+1 n+1 n+1 n+1
4 4 4 4

Table 3.1.2
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The above tables 3.1.1 and 3.1.2 shows that [v,(i) — V,(j)| < land |eq(K) — e¢(1)] < 1. Hence the star graph Sy is
quotient-4 cordial labeling.

Theorem: 3.1.2 The Bistar graph G = By, » is quotient-4 cordial.
Proof: LetV (G) ={u, v, ui, vii 1 <i <n}and E (G) = {(uv), (uu), (v : 1< i < n}.
Here [V (G)|=2n+2, |E (G)|=2n+ 1.

Define g : V (G) = {1, 2, 3, 4}.

Whenn=1, ¢ U)=4,¢ (V)=1, ¢ (u))=2and ¢ (v1i) = 3.
Whenn>1, Assign @ (U)=¢ (V) =1and ¢ (u1)) =4, ¢ (U2 =3.
Labeling of the vertices u;, for i, 3 < i < nis given below.

@ (ui) =3, ifi =1 (mod 2).

@ (u)=1,ifi=0(mod 2).

Labeling of the vertices v;, Fori,1 < i < m s given below.

@ (vi)=2,ifi =1 (mod 2).

@ (vi)=4,ifi=0(mod 2).

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
n = 0(mod 4) 2n 2n 2n 2n
7 +1 2 7 7 +1
n = 1(mod 4) 2n+2 2n+2 2n+2 2n+ 2
4 4 4 4
n = 2(mod 4) 2n 2n 2n 2n
2 +1 2 2 7 +1
n = 3(mod 4) 2n +2 2n + 2 2n + 2 2n+ 2
4 4 4 4
Table 3.1.3
Nature of n e,(0) eo(1) e,(2) es(3)
n = 0(mod 4) 2n +1 2n 2n 2n
4 4 4 4
n = 1(mod 4) 2n + 2 2n+2 L 2n + 2 2n+2
4 4 4 4
n = 2(mod 4) 2n +1 2n 2n 2n
4 4 4 4
n = 3(mod 4) 2n+2 2n+2 L 2n+2 2n+2
4 4 4 4
Table 3.1.4

The above tables 3.1.3 and 3.1.4 shows that |V,(i) — Vo(j)| < 1and |eq(K) — eo(1)| < 1. Hence the Bistar graph By,
n IS quotient-4 cordial labeling.

Theorem: 3.1.3 A graph P, [N] is quotient-4 cordial if n > 2.

Proof: Let G be a P,[N] graph. LetV (G) ={u.:1<a<n}U{vg:1l<a<n l<B<a}andE (G)={u.
U1 1< a <n-13U{uuVep:l<a<n l<p<a}

Here |V (6)] = "2, |E (6)| =22

Define ¢: V (G) - {1, 2, 3, 4}.

Labeling of u,’s are given below.

Forl1<a<n.

¢ (ug) = 1.

Labeling of v, g-s are given below.

Fori<a<nl<p<a.

When a = 0,7 (mod 8).

O (Vap)=1if =1 (mod4)and B # 1.

¢ (Vap) =2 if B =2 (mod 4).

¢ (Vap) =3 if p= 3 (mod 4).

¢ (Vop)=4if P=0(mod4)and p=1.
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When a = 1,6 (mod 8).

¢ (Vop) = 1 if p= 0 (mod 4).
¢ (Vap) =2 if =1 (mod 4).
¢ (Vap) =3 if B =2 (mod 4).
¢ (Vap) =4 if B= 3 (mod 4).

When a = 2,5 (mod 8).

@ (Vop) = 1if B= 2 (mod 4) and B # 2.
¢ (Vap) =2 if B = 3 (mod 4).
¢ (Vap) =3 if =0 (mod4)and p=2.
¢ (Vop) =4if p= 1 (mod 4).

When a = 3,4 (mod 8).

¢ (Vop)=1if = 3 (mod4)and p # 3.
® (Vap)=2if p= 0 (mod4) and = 3.
¢ (Vop) =3 if =1 (mod 4).
¢ (Vop) =4if B= 2 (mod 4).

Journal of Advanced Zoology

Nature of n Vo(1) Vo(2) Vo(3) Vo(d)
n = 0, 5(modulo 8) n®+3n n-+3n n? + 3n n? + 3n
—3 8 ___8 ___ 8§
n =1,4(modulo 8) n“+3n+4 n?+3n+4 | n®+3n+4 nf+3n+d
2 8 2 8 5 8 5 8
n=23(modulog) | L FTSm—2, | ni¥3n-2 ) nit3n-2 n?+3n -2
> 8 . 8 _ 8 : 3
n = 6, 7(modulo 8) n“+3n+2 n“+3n+ 2 n®+3n+2 n“+3n+2
Table 3.1.5
Nature of n e,(0) eo(1) eu(2) e.(3)
2 2 2 5
n = 0, 5(modulo 8) n”+3n n*+3n n% +3n n% +3n
2 8 2 8 2 8 2 8
n =1,4(modulo 8) ntdn—4 n“+3n—4 n*+3n—4 n?+3n—4
- 8 > 8 _ 8 _ 3
n = 2, 3(modulo 8) nt3n-2 n“+3n-2 n®+3n-2 n?+3n -2
2 8 2 8 > 8 ~ 8
n = 6, 7(modulo 8) $_ n +zn+2_ n +Zn+2 n +.':;n+2

Table 3.1.6

The above tables 3.1.5 and 3.1.6 shows that |[ve(i) — Vo(j)| < 1and |eo(K) — €4(1)| < 1. Hence the graph P, [N] is
guotient-4 cordial labeling.

Theorem: 3.1.4 A graph P,[No] is quotient-4 cordial if n is odd and n > 3.
Proof: Let G be a Pn[No] graph. Let V (G) ={u.: 1<a<nfU{ve:1<a<n a=1(mod?2), 1<B <
a}yand E (G) ={UaUe+1 : 1< a <n-1}U{UsVop:1l<a<na=1(mod2),1<p < a}.

Here |V (G)| =

n?+6n+1

L IE (6)] =

n?+6n-3
PR

Define 9: V (G) = {1, 2, 3, 4}.
Labeling of u,’s are given below.

Case 1:
Forn < 7.

o (u1) = 3.

ou)=lif 2<a< n

Case 2:
For n > 9.

o) =1lifl<a < n

Labeling of v, ps are given below.

Forl<a<n.
Fora=1,7.
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¢ (Vap) =2 if p=1(mod 3).
¢ (Vap) =3 if B= 2 (mod 3).
¢ (Vap) =4 if B= 0 (mod 3).

Fora=3,5,9.

¢ (Vap) =2 if B= 0 (mod 3).

¢ (Vap) =3 if B=1 (mod 3).

¢ (Vap) =4if =2 (mod 3).

Fora =1 (mod4)and a > 13.

¢ (Vo) =1if p= 0 (mod 4) and f # 4.
¢ (Vop) =2 if Bp= 1 (mod 4).

¢ (Vap) =3 if =2 (mod 4).

¢ (Vop) =4 if B= 3 (mod4) and f=4.
Fora =3 (mod4)and a > 11.

@ (Vap)=1if p=1(mod4)and B #1, 5.
@ (Vop) =2 if B= 2 (mod 4).

¢ (Vap)=31if P=3 (mod4)and f=1.
¢ (Vop) =4if p=0 (mod4)and B =>5.

Journal of Advanced Zoology

Nature of n V(1) Vo(2) Vo(3) Vo(4)
n=5 n>+6n-7 n>+6n-7 n®>+6n-—7 n®>+6n-—7
16 16 16 16
n =1(modulo  4) nz+6n—7+1 n?+6n-7 " n?+6n—7 n?+6n-—7
and n#5 16 16 16 16
_ n>+6n+5 n>+6n+5 n>+6n+5 n>+6n+5
n = 3(modulo 4) - _— -1
16 16 16 16
Table 3.1.7
Nature of n e,(0) eo(1) es(2) es(3)
_ n®+6n-7 n®+6n-7 n?+6n-7 n?+6n-7
n-= 5 _— _— + 1
16 16 16 16
n =1(modulo  4) n?+6n-7 n?+6n-7 n?+6n-7 n?+6n-7
and n#5 16 16 16 16
_ n>+6n+5 n>+6n+5 n>+6n+5 n>+6n+5
n = 3(modulo 4) I E—— - 1 - = - -
16 16 16 16
Table 3.1.8

The above tables 3.1.7 and 3.1.8 shows that |v,(i) — Vo(j)| < 1and |eg(K) — eo(1)] < 1.
Hence the graph P, [No] is quotient-4 cordial labeling.

Theorem: 3.1.5 A graph P, [N¢] is quotient-4 cordial if n is even and n > 2.
Proof: Let G be a Pn[Ne] graph. Let V (G) ={u.:1<a<nfuU{veg:2<a<na=0(mod?2), 1<P <
ayand E (G) ={UsUe1 : 1< a <n-1}U{UaVop:2<a<n,a=0(mod2),1<p < a}.

Here |V (G)| =

n?+6n
4 1

n?+6n—4

IE (6)] ="

Define 9: V (G) = {1, 2, 3, 4}.
Labeling of u,’s are given below.

Forl<a< n.
¢ (u1) =4.

o(u)=lif 2<a< n.
Labeling of v, g-s are given below.

For2<a<n.

When a = 0,6 (mod 8).

¢ (Vap) = 1if B= 2 (mod4) and B #2, 6.
¢ (Vop) =21if p= 3 (mod 4) and p=2.

¢ (Vap) =3 if =0 (mod 4)and  =6.

¢ (Vop) =4if p= 1 (mod 4).
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When a = 2,4 (mod 8).

¢ (Vop) =1 if B= 0 (mod 4) and B # 4.

¢ (Vop) =2 if p=1(mod 4).
¢ (Vap) =3 if B =2 (mod 4).

¢ (Vap)=4if p= 3 (mod4) and B =4.

Journal of Advanced Zoology

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
2 2 2 2
n = 0,2(modulo 8) n* + 6n n® + 6n n° + 6n n°+ 6n
. 16 . 16 . 16 . 16
n“+6n-—8 n“+6n-—8 n“+6n-—28 n“+6n-—8
n = 4,6(modulo 8 S —
( ) 16 +1 16 16 16 +1
Table 3.1.9
Nature of n e,(0) eo(1) eo(2) e(3)
2 2 2 2
n = 0,2(modulo 8) n“+6n n +6n_ nc +6n n° +6n
5 16 216 : 16 . 16
n = 4,6(modulo 8) n+6n—8_|_1 n“+6n-28 n“+6n-—28 n“+6n-—8
16 16 16 16

Table 3.1.10

The above tables 3.1.9 and 3.1.10 shows that |V,(i) — Vo(j)| < 1and |eg(K) — eo(1)] < 1.
Hence the graph P, [Ne] is quotient-4 cordial labeling.

Theorem: 3.1.6 A Twig graph Tn is quotient-4 cordial if m > 3.
Proof: Let G bea T graph. LetV (G) ={us: 1< a <m}uU{v.:1< a <2m-4}.
EQG)={Uslar1:1<a<m-—-1}U{uvp:2<a<m-l,2a—3< B <2a—-2}
Here [V (G)|=3m -4, |E (G)| =3m-5.
Define 9: V (G) — {1, 2, 3, 4}.
Labeling of u,’s are given below.

Forl<a<m.

o) =1if «¢ =1,2,3 (mod4)and a # 1.

o (u)=2if a=1.

¢ (u) =3if @« =0 (mod 4).
Labeling of vy’s are given below.

Forl1<p <2m-—4.

o (vp)=2if B =0,4,6 (mod 8).
¢ (vp) =3if B =2,5 (mod 8).
o (vp)=4ifp =1,3,7 (mod 8).

Nature of m Vo(1) Vo(2) Vo(3) Vo(4)
3m—4 3m—4 3m—4 3m—4
m= 0(modulo 4) m m m m
3 ; 3 3 ; 3 3 ; 3 3 43
m= 1(modulo 4) m- m- m- m-s_
3 46 3 46 3 ¥ 6 34 6
m= 2(modulo 4) m- +1 m- 1 m- m-
* 5 34 5 3 * 5 3 * 5
m= 3(modulo 4) 3m — +1 m- m- m-
4 4 4 4
Table 3.1.11
Nature of m e,(0) eo(1) es(2) e(3)
—4 —4 —4 —4
m= 0(modulo 4) 3m 3m -1 3m 3m
3 43 3 ; 3 3 ; 3 3 ; 3
m= 1(modulo 4) m - m -1 m e
34 6 34 6 3 : 3 ; 6
m— m— m— m—
m= 2(modulo 4
: : 3 ; 5 3 ; 5 34 ; 1 3 * 5
m= 3(modulo 4) m- m- m- m-
4 4 4 4

Table 3.1.12
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The above tables 3.1.11 and 3.1.12 shows that |V,(i) — Vo(j)| < 1and |eo(K) — eo(1)] < 1.
Hence the graph T is quotient-4 cordial labeling.

Theorem: 3.1.7 A graph (Pn © Ky, /) is quotient-4 cordial if r > 3.
Proof: LetGbea (Pn © Ky, 1) graph. LetV (G) ={X.:1<a<n}U{yw:l1<a<nl1<B<r}andE (G)
={XeXer1 1 1< @ <1 U{XeYop: 1< a <n 1<B <1}
Here |V (G)|=n(r+21),|E(G)|=n(r + 1) —1.
Define ¢: V (G) - {1, 2, 3, 4}.
Labeling of x,’s are given below.
Forl1<a < n.

¢ (Xg) = 1.

Labeling of y,, g>s are given below.
Case 1:

When r = 0 (mod 4).
Fori<a<n 1<B<r-1

¢ (Yop) = 1if B= 0(mod 4).

¢ (Yop)=2if p=1(mod 4).

¢ (Yop) = 3if B= 2 (mod 4).

¢ (Yop) =4if B= 3 (mod 4).

For @ = 0 (mod 4).

¢ (Yar) = 4.

For a =1 (mod 4).

@ (Yar) = 1.

For a =2 (mod 4).

¢ (Yor) = 2.

For a = 3 (mod 4).

@ (Yar) = 3.

Case 2:

When r = 1 (mod 4).
Forit<a<sn 1<B<r-2

¢ (Yaup) =1if p= 0 (mod 4).

¢ (Yop) =2if B=1(mod 4).

¢ (Yop) = 3if B= 2 (mod 4).

¢ (Yop) =4if B= 3 (mod 4).

For @ = 0 (mod 2).

¢ (Yar) =4, ¢ (Yor1) = 3.

Fora =1 (mod 2).

¢ (Yar) =2, ¢ (Yor) = 1.

Case 3:

When r = 2 (mod 4).
Fori<a<n 1<pB<r-3

¢ (Yop) =1if p= 0 (mod 4).

¢ (Yop) =2if B=1(mod 4).

¢ (Yop) =3if p= 2 (mod 4).

¢ (Yop) =4if Bp= 3 (mod 4).

For a = 0 (mod 4).

@ Yar) =4, ¢ (Yar1) = 3, ¢ (Yar2) = 2.
For a =1 (mod 4).

@ (Yar) =3, ¢ (Yar1) =2, ¢ (Yar2) = 1.
For a =2 (mod 4).

@ Yar) =4 ¢ Yor1) = 2, ¢ (Yor2) = 1.
For a = 3 (mod 4).

¢ (Yar) =4, ¢ (Yar1) =3, ¢ (Yar2) = 1.
Case 4:

When r = 3 (mod 4).
Fori<a<n 1<B<r.
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¢ (Yop) = 1if B= 0 (mod 4).
¢ (Yop) =2if p=1(mod 4).
¢ (Yop) = 3if B= 2 (mod 4).
¢ (Yop) =4 if B= 3 (mod 4).

Nature of r and n Vo(1) Vo(2) Vo(3) Vo(4)

r = 0,2(modulo  4) n(r+1) n(r+1) n(r+1) n(r+1)

n = 0(modulo 4) 4 4 4 T4

r = 0(modulo 4| nr+1)—-1 nr+1)—-1 nr+1)-1 nr+1)-—1
n =1(modulo 4) s V| T | T | T
r=0,2(modulo 4)| n(r+1)-2 nr+1) -2 n(r+1) -2 n(r+1) -2
n=2(modulod) | — g —t' | T4l | —p— | T
r = 0(modulo 4) nr+1)+1 nr+1)+1 nr+1)+1 nr+1)+1

n = 3(modulo 4) 4 4 4 4 —1
r = 1(modulo 4) n(r+1) n(r+1) n(r+1) n(r+1)

n = 0(modulo 2) 4 4 T4 T4

r = 1(modulo 4| n(r+1)-2 nr+1)—-2 nr+1)—2 nr+1)—2
n=imodio) | — g —tl | T+l | T | T
r = 2(modulo 4) nr+1)+1 nr+1)+1 nr+1)+1 nr+1)+1

n = 1(modulo 4) 4 4 4 4 -1
r = 2(modulo 4| n(r+1)-1 nr+1)—-1 nr+1)—1 nr+1)—-1
n=3(modulod) | — g TV | T4 — | T3 — | T —
r = 3(modulo 4) n(r+1) n(r+1) n(r+1) n(r+1)

n = 0,1(modulo 2) 4 4 4 T4
Table 3.1.13

Nature of rand n e,(0) eo(1) e(2) eo(3)

r = 0,2(modulo 4) n= n(r+1) n(r+1) 1 n(r+1) n(r+1)
O0(modulo 4) 4 4 4 4

r = 0(modulo 4) nr+1)—-1 nr+1)—1 nr+1)—-1 nr+1)—1
n =1(modulo 4) — 4 — 7 — — 7
r = 0,2(modulo 4) n= nr+1)-2 nr+1) -2 nr+1)-—2 nir+1) -2
2(modulo 4) — 2 7 +1 | —
r=0(modulo 4) n= nr+1)+1 nr+1)+1 nr+1)+1 nr+1)+1
3(modulo 4) — 1 — 1 — —
r =1(modulo 4) n= n(r+1) nr+1 1 n(r+1) n(r+1)
0(modulo 2) 4 4 4 4
r=1(modulo 4) n= nir+1) -2 nr+1) -2 nr+1)—-2 nr+1) -2
1(modulo 2) — 7 m 2 +1 | —
r=2(modulo 4) n= nr+1)+1 nr+1)+1 nr+1)+1 nr+1)+1
1(modulo 4) — 2 ! — 1 — —
r=2(modulo 4) n= nr+1)—-1 nr+1)—1 nr+1)—1 nr+1)—-1
3(modulo 4) — 4 — — —
r=3(modulo 4) n= n(r+1) n(r+1) L n(r+1) n(r+1)
0,1(modulo 2) 4 4 4 4

Table 3.1.14
The above tables 3.1.13 and 3.1.14 shows that |[v,(i) — Ve(j)| < 1and |eg(K) — e¢(1)| < 1. Hence the graph (Pn O
Ky, 1) is quotient-4 cordial labeling.

3.2 SOME TYPES OF LOBSTER GRAPHS.

Theorem: 3.2.1 The graph G = S (Sy) is quotient-4 cordial.

Proof: LetV (G) ={u, ui ,vi: 1 <i <n}and E (G) = {(uu;), (uv;) : 1< i < n}.
Here |V (G)| = 2n+1, |E (G)] = 2n.

Defineo: V(G)— {1,2,3,4} by ¢ (u) = 1.

Labeling of the vertices ui and vi.
Fori,1 <i < nisgiven below.
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@ (u)=1,ifi=0(mod 2).
@ (u) =4, ifi=1(mod 2).
@ (vi)=2,ifi =1 (mod 2).
@ (vi)=3,ifi=0(mod 2) .

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
n = 0(mod 2) 2n +1 2n 2n 2n
4 4 4 4
n = 1(mod 2) 2n + 2 2n+ 2 2n+2 1 2n+ 2
4 4 4 4
Table 3.2.1
Nature of n e,(0) eo(1) eo(2) e,(3)
n = 0(mod 2) 2n 2n 2n 2n
4 4 4 4
n = 1(mod 2) 2n + 2 2n + 2 1 2n + 2 2n + 2 1
4 4 4 4
Table 3.2.2

The above tables 3.2.1 and 3.2.2 shows that |[v(i) — V,(j)| < land |ee(K) — e4(1)| < 1. Hence the subdivision of
the star graph S (S») is quotient-4 cordial labeling.

Theorem: 3.2.2 The graph G = S (Bn,n) is quotient-4 cordial.

Proof: Let V (G) = {u, v, w, Ui ,vi Xi ,yi: 1 <i <n }and E(G) = {(uv), (vw), (uu;), (uivi), (wxi), (xiyi) : 1<
i <n}l

Here |V (G)|= 4n+3, |[E (G)|= 4n+2.

Define ¢ : V (G) = {1, 2, 3, 4}.

Whenn=1,¢ U =@ (V)=1,¢ (W) =@ (X)) =4, ¢ (Vi) = ¢ (Y1) =2, ¢ (u) = 3.
Whenn>1, Assigng (U) =@ (V) =@ (W) =1, ¢ (X)) = ¢ (X2) =4 and ¢ (y1) = 2.
Labeling of the vertices ui and vi.

Fori,1 <i <mnisgiven below.

@ U)=3, ¢ (Vv)=2

Labeling of xi; and y; is given below.

p(X)=1if3<i<n.

p(y)=4if2<i<n.

Nature of n Vo(1) | Vo(2) | Vo(3) | Ve(4)

n=0,1(mod2) |n+l |n+l |n n+1
Table 3.2.3

Nature of n (D) | eo(D) [ es(2) | &3

n=0,1(mod2) |n n+1 n+1 n
Table 3.2.4

The above tables 3.2.3 and 3.2.4 shows that |v,(i) — Ve(j)| < land |ee(K) — e¢(1)| < 1. Hence the subdivision of
the Bistar graph S (By,n) is quotient-4 cordial labeling.

Theorem: 3.2.3 A graph S (P, [N]) is quotient-4 cordial if n> 2.
Proof: Let GbeaS (Pn[N]) graph. LetV (G) ={us:1<a<njuU{ve:1l<a<nl}U{Xyp:1<a<n,

1Sp<alU{yy:l<a<nl<p<al. E(G)=
{Uuve:l<a<s<n—1}U{Veler1 : 1< a<n-1}U{UXep:1<a<nN1I<PB<LalU{XpVYop:l<a<
n1<B<a}l

Here |V (G)|=n?+3n-1, |E (G)] = n?+3n-2.
Define 9: V (G) = {1, 2, 3, 4}.

Labeling of u,’s and v,’s are given below.
o(u)=lif1<a< n
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O(Vo) =4if1<a< n-—1.

Labeling of x,, ‘s are given below.
Whena =1, 3.

O (Xep)=1if Bp=1.

O (Xep)=21if Bp=2.

¢ (Xep) =3 if p=3.

When a = 2.

O (Xep)=21if p=1.

¢ (Xep) =3 if p=2.

When4<a < n.

O Xap)=1if f=1,2(mod4)andP#1, 2.
0 (Xep)=21if p=2,4.

¢ (Xep)=31if p=1.

¢ (Xop) =4if = 0,3 (mod 4) and  # 4.
Labeling of y,, p>s are given below.
Whena =1, 3.

¢ (Yop) =3if p=1.

¢ (Yop)=21f p=2.

¢ (Yop) =4if p=3.

When a = 2.

¢ (Yup) =21if p=1.

¢ (Yop) =4if p=2.

When4<a < n.

¢ (yup)=1if p=1.

¢ (Yop)=2if p=0,3 (mod 4), =2 and B # 3, 4.
¢ (Yop)=3if p=1,2(mod 4),p=4and B # 1, 2.
¢ (Yup) =4if p=3.

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)

2 2 2 2
n = 0,1(modulo 4) n®+3n n®+3n n’+3n . n?+3n

> 4 > 4 . 4 ~ 4
n = 2,3(modulo 4) ﬂ_,_l n“+3n—2 ) n"+3n—2 | n"+3n—-2
Table 3.2.5

Nature of n ey(0) eo(1) eo(2) e.(3)

2 2 2 2
n = 0,1(modulo 4) n®+3n n"+3n_ n®+ 3n n’+3n

: 4 > 4 . 4 2 4

n = 2,3(modulo 4) n +in—2 n +in—2 n +in—2 n +in—2

Table 3.2.6
The above tables 3.2.5 and 3.2.6 shows that |V,(i) — V()| < 1and |e,(K) — €4(1)| < 1. Hence the graph S (P, [N])
is quotient-4 cordial labeling.

Theorem: 3.2.4 A graph S (Pn [No]) is quotient-4 cordial if n is odd and n > 3.

Proof: Let GbeaS (Pn[No]) graph. Let V (G) ={us: 1<a<n}U{v.:1<a<nl}U{Xyp:1l<a<n,
a=1(mod2),1<B<a}U{yp:l<a<na=1(mod?2),1<p<a}and EQG) ={uVe:1<a<
n—1}U{ Vel 1 1< a N1} U{UsXep:l<a<na=1(mod2),l<PB<a}U{XpYup:l<Za<
n,a =1(mod2), 1<p < a}.

Here |V (G)] =n2+2n—1’ IE (G)| = n2+;n—3
Define ¢: V (G) = {1, 2, 3, 4}.

Labeling of u.’s and v.’s are given below.
o(u)=lif1<a<n
Fori<a<n-1

¢ (Vo) =4 ifa =1 (mod 2).
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¢ (vo) =3 ifa =0 (mod 2).

Labeling of x,, ‘s are given below.

Whena = 1.

¢ (xep)=3if p=1.

For3<a <nanda =1 (mod2).

¢Q (Xep)=11f B=2,3(mod4),p=1andp#2,3.
0 (Xep)=21f Bp=2,3.

¢ (xap)=3if p=4.

0 (Xap)=4if f=0,1(mod4)andB#1,4.
Labeling of y,, g ‘s are given below.

Whena = 1.

¢ (Yop) =3 if B=1.

When3<a < nand a =1 (mod 2).

¢ (Yap)=2if f=0,1(mod4),p=2andp # 1, 4.
¢ (Yop) =3 if p=2,3 (mod 4),p=4and B #2, 3.
0 (yop)=4if p=1,3.

Journal of Advanced Zoology

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
_ n+6n+1 n+6n+1 n>+6n+1 n®+6n+1
n = 1(modulo 4) — - -
2 8 2 8 2 8 2 8
n = 3(modulo 4) n“+6n-3 n“+6n—-3 n“+6n-—3 n“+6n—-3
8 8 8 8
Table 3.2.7
Nature of n e,(0) eo(1) es(2) es(3)
_ n+6n+1 | n2+6n+1 n+6n+1| n*+6n+1
n = 1(modulo 4) — -
. 8 . 8 . 8 . 8
n = 3(modulo 4) n +gn—3 n +gn—3 n+Zn—3 n+Zn—3

Table 3.2.8

The above tables 3.2.7 and 3.2.8 shows that [v,(i) — V,(j)| < land |es(K) — eo(1)] < 1. Hence the graph S (P
[No]) is quotient-4 cordial labeling.

Theorem: 3.2.5 A graph S (Pn [Ne]) is quotient-4 cordial if nis even and n> 2.
Proof: Let GbeaS (Pn[Ne]) graph. LetV (G) ={u.:1<a<n}u{v.:1<a<nl}uU{Xyp:2<a<n,

a=0(mod2),1<B<a}U{yp:2<a<na=0(mod?2),1<p <a}and

EG)={uve:1<a<

n—1}U{Velu1 :1<a<n1}U{UsXep:2<a <N, a=0(mod2),1<B<a}U{XepVYap:2<a=<

n,a = 0(mod 2), 1<

2 _
Here [V (6)| =*—2"

Define ¢: V (G) = {1,

B<al
 E(G)] =
2,3, 4}.

2 n?+6n—4

2

Labeling of u,’s and v,’s are given below.

ou)=lif1<a<
Fori<a< n-—1.

n.

¢ (vo) =3 ifa =1 (mod 2).

¢ (Vo) =4 ifa =0 (mod 2).
Labeling of x,, ‘s are given below.
For2<a <nanda = 0 (mod 2).
¢ (Xep)=11f p=1,3 (mod4)and B # 1, 3.

¢ (Xep)=21f p=2,3.

® (Xap) =3 if P=0,2 (mod 4) and B # 2.

0 (Xep) =41if B=1.

Labeling of y,, p ‘s are given below.

When2<a < nand
¢ (Youp) = 11if p=3.

a = 0 (mod 2).

¢ (yup) =2 if P=0,2 (mod 4) and p # 4.
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¢ (yop)=31f p=4.
¢ (Yop) =4if p=1,3 (mod 4) and p # 3.

Nature of n Vo(1) Vo(2) Vo(3) Vo(4)
2 2 2 2
n = 0,1(modulo 2) n“+6n | n“+6n | n +6n_1 n- +6n
8 8 8 8
Table 3.2.9
Nature of n e,(0) eo(1) €,(2) e,(3)
2 2 2 2
n = 0,1(modulo 2) n +6n_ n“+6n | n +6n_1 n“ + 6n
8 8 8 8
Table 3.2.10

The above tables 3.2.9 and 3.2.10 shows that |v,(i) — Ve(j)| < 1and |ee(K) — e4(1)] < 1. Hence the graph S (P
[Ne]) is quotient-4 cordial labeling.

Theorem: 3.2.6 A graph S (Tn) is quotient-4 cordial if m > 3.
Proof: Let G be a S (Tm) graph.
LetV(G)={us:1<a<s<m}u{e:l<a<m-1}U{V.V.:1l<a<2m-4}.
EG)={uXa:1<as<m—-1}U{XUps1 : 1< a<m-1}U{UuYp:2<a<m-1,2a -3 < f <2a—2}
U{VYaVo:1<a< 2m—4}

Here |V (G)|=6m -9, |E (G)| = 6m - 10.

Define 9: V (G) — {1, 2, 3, 4}.

Labeling of u,’s are given below.

Foril<a< m.

¢ (u)=1if « =0,1(mod 2) and a # 2.

0o (u) =4if a=2.

Labeling of v,’s are given below.

Forl<a<2m-—4.

¢ (Vo) =2if &« =0 (mod4)and a = 2.

¢ (Vo) =3if « =3 (mod4)and a = 1.

¢ (Vo) =4if « =1,2(mod4)and a # 1, 2.

Labeling of x,’s are given below.

Fori<a<m-1.

¢ (xo) =3if a =0 (mod 2).

¢ (X)) =4if a =1 (mod 2).

Labeling of y,’s are given below.

Forl<a<2m-—4.

¢ (yo) =1if a =1 (mod 4).

(Yo)=2if « =0,2 (mod 4).

0 (yo) =3if a =3 (mod 4).

Nature of m Vo(1) Vo(2) Vo(3) Vo(4)
m = 0 (modulo 2) 3m—4 3m—4 3m—4 3m—4_
3 25 3 - 5|3 - 5 32 5
m — m — m — m—
m = 1 (modulo 2
( ) 2 +1 2 2 2
Table 3.2.11
Nature of m ey(0) eo(1) e.(2) eo(3)
m = 0 (modulo 2) 3m—4 3m—4 3m—4_ 3m—4_
3 ; 5 3 - 5 32 5 32 5
m = 1 (modulo 2) m- m- m- m-
2 2 2 2

Table 3.2.12

The above tables 3.2.11 and 3.2.12 shows that |v,(i) — Vo(j)| < 1and |ey(K) — eo(1)| < 1. Hence the graph S (Tm)
is quotient-4 cordial labeling.
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Theorem: 3.2.7 A graph S (Pn © Kj,)) is quotient-4 cordial if r> 2.
Proof: Let GbeaS (Pn © Ky, ) graph. LetV (G) ={us:1<a<nfuU{X:1<a<nl}uU{yy:l<a
SNISPBSr}u{v:l<a<snl<B<r}andE(G)={UsXa, XalUut1: 1< a <n-1} U {UsYop:1<
a<n1I<SPB<r}U{yypVep:l<a<nl<B<r}.
Here |V (G)|=2n(r + 1) —1,|E (G)|=2n(r + 1) — 2.
Define ¢: V (G) = {1, 2, 3, 4}.

Labeling of u,’s are given below.

Fori<a< n

¢ (Ug) = 1.

Labeling of x,’s are given below.

Case 1:

Whenr = 0,2 (mod 4).

Forl1<a < n.

¢ (Xo) =4 if @ =0 (mod 2).

0 (Xo) =31if @ =1 (mod 2).

Case 2:

When r = 1,3 (mod 4).

Forl1<a < n.

0 (Xs) =3if @ =0,1(mod 2).

Labeling of y,, p>s are given below.

Case 1:

When r = 0 (mod 4).

Fora =1 (mod 2).

¢ (yor) =4

Fori<a<n2<B<r.

¢ (yup)=1if p=0,1(mod 4).

¢ (yup) =3 if p= 2,3 (mod 4).

For a = 0(mod 2)

¢ (Yor) =3.

For2<pg<r.

¢ (Yop) = 1if B= 0,1 (mod 4).

¢ (Yop) =4if B= 2,3 (mod 4).

Case 2:

When r = 1 (mod 4).

Forl<pB<r-1.

¢ (Yop) = 1if B=1(mod 2).

¢ (Yop) =4 if B= 0 (mod 2).

¢ (yur) = 3.

¢ (yor)=2if 2<a<n.

Case 3:

When r = 2 (mod 4).

Forl<B<r-2.

¢ (Yop) = 1if B=1(mod 2).

¢ (Yop) =4 if p= 0 (mod 2).

¢ (yir) =4 ¢ (yora) = 1.

© (Your) =4, ¢ (Yor1) =2 ifa = 0 (mod 2) .

O (Your) =2, 0 (Yar1) =3 ifa =1 (mod 2) and a # 1.
Case 4:

When r = 3 (mod 4).

Forl<B<r-1.

¢ (Yop) = 1if =1 (mod 2).

¢ (Yop) =4 if p= 0 (mod 2).

¢ (yur) = 3.

O (Yor)=2 ifa =1,2(mod 2) and a # 1.
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Labeling of v, g-s are given below.

Case 1:
When r = 0 (mod 4).
For a =1.

¢ (Vap) =2 if B = 2,3 (mod 4).
¢ (Vap) =4if = 0,1 (mod 4).
Fora =1 (mod2)and a # 1.
¢ (Vap) =2if B = 2,3 (mod 4).

¢ (Vap) =4if B=0,1(mod 4) and 3 # 4.

@ (Vaus) = 2.
For a = 0 (mod 2).

¢ (Vap) = 2 if B = 2,3 (mod 4).

¢ (Vop) =3 if p= 0,1 (mod 4) and  + 4.

@ (Vaus) = 1.
Case 2:

When r = 1 (mod 4).

Fori<a< nl<f<r-3.

¢ (Vap) =2 if B= 0 (mod 2).
¢ (Vap) = 3if =1 (mod 2).
@ (Vi) = @ (Vir) =2, ¢ (vir2) = 3.
O (Vo) =2,0 (Var-1) =3, 0 (Var2) =4 if2< a < n.

Case 3:
When r = 2 (mod 4).

Fori<a<n l<B<r-2.

¢ (Vap) =2 if p=0(mod 2).
¢ (Vap) =3 if p= 1 (mod 2).

) (vir) =2, ¢ (Vl,r-l) =3.
¢ (V(X,T) = 4, (0 (Va,r-l) = 2 |f a

= 0 (mod 2).

O (Var)=1,0 (Vor-1) =3if @ =1 (mod 2) and a # 1.

Case 4:
When r = 3 (mod 4).

Fori<a< nl<f<r-3.

¢ (Vap) =2 if B= 0 (mod 2).
¢ (Vap) =3 if B=1(mod 2).
¢ (Var) =2, ¢ (Var1) =3, ¢ (Var1) = 4.

Journal of Advanced Zoology

Nature of r and n Vo(1) Vo(2) Vo(3) Vo(4)

r = 0(modulo 4) 2n(r +1) 2n(r +1) 2n(r+1) 2n(r+1)

n = 0(modulo 2) i R B S —

r = 0(modulo 4) 2n(r+1)—2 2n(r+1) -2 2n(r+1)—-2 | 2n(r+1) -2

n =1(modulo 2) 4 4 4 4

r = 1(modulo 4) 2n(r+1) 2n(r +1) 2n(r+1) 2n(r +1) .
n = 0,1(modulo 2) 4 4 4 4

r = 2(modulo 4) 2n(r + 1) 2n(r +1) 2n(r +1) 2n(r +1)

n = 0(modulo 2) 4 T4 4 1 4

r = 2(modulo 4) | 2n(r+1) -2 2n(r+1) -2 2n(r+1) -2 2n(r+1) -2
n = 1(modulo 2) —  *1 2 4 2

r = 3(modulo 4) 2n(r +1) 2n(r +1) 2n(r +1) 2n(r +1)

n = 0,1(modulo 2) — — 1 — 7
Table 3.2.13

Nature of r and n ey(0) eo(1) eo(2) es(3)

r = 0(modulo 4) n = 2n(r+1) 2n(r +1) 2n(r+1) 2n(r +1)
0(modulo 2) g ! 4 ! i
r = 0(modulo 4) 2n(r+1) -2 2n(r+1) -2 2n(r+1) -2 2n(r+1) -2
n =1(modulo 2) 4 4 4 4
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r = 1(modulo 4) n = 2n(r + 1) 2n(r+ 1) 2n(r+ 1) 2n(r + 1)
0,1(modulo 2) — b | gt — i — i
r = 2(modulo 4) n = 2n(r+1) 2n(r + 1) 2n(r+1) 2n(r+1)
0(modulo 2) g ! 4 . i
r = 2(modulo 4) n = 2n(r+1) —2 2n(r+1) -2 2n(r+1) —2 2n(r+1) —2
1(modulo 2) 4 4 4 4

r = 3(modulo 4) n = 2n(r+1) 2n(r+1) 1 2n(r+1) 2n(r+1) 1
0,1(modulo 2) 4 4 4 4

Table 3.2.14

The above tables 3.2.13 and 3.1.14 shows that |[v,(i) — V,(j)| < land |ey(K) — e¢(1)] < 1. Hence the graph S (P
O K4, ) is quotient-4 cordial labeling.

4.CONCLUSION

In this paper, it is proved that some caterpillar and lobster graphs which admits quotient-4 cordial. The
existence ofquotient-4 cordial labeling of different families of graphs will be the future work.
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