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Abstract:- 
 
 In this paper we introduce vague frame, vague co- frames, vague 

frame generated by frame and investigate some of its basic 

properties. In particular, some interesting characterizations 

closely related to the vague co- frames and vague cut sets on 

vague co-frame are given also studied their properties. Further we 

investigate the development of some important results and 

theorems about vague cut sets on vague co-frames. 
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I. Introduction 

The concept of frames has been studied by many mathematicians including Banaschewski, 

Diwker,and Johnstone,For details one can refer to [2-3].In 1965 Also the concept proposed 

by Zadeh.L.A.[12] defining a fuzzy subset A of a given universe X characterizing the 

membership of an element x of X belonging to A by means of a membership maping  mA(x) 

defined from X in to [0 1] has revolutionized the theory of Mathematical modeling. Decision 

making etc.,in handling the imprecise real life situations mathematically. Now several 

branches of fuzzy mathematics like fuzzy algebra,fuzzy topology ,fuzzy control theory ,fuzzy 

measure theory etc.,haveemerged. But in the decision making, the fuzzy theory takes care of 

membership of an element x only, that is the evidence against x belonging to A .It is felt by 

several decision makers and researchers that in proper decision making,the evidence belongs 

to A and evidence not belongs to A are both necessary and how much X belongs to A or how 

much x does not belongs to A are necessary. Several generalizations of  Zadeh's fuzzy set 

theory have been proposed, such as L-fuzzy sets [6]. Interval valued fuzzy sets,Intuitionistic 

fuzzy sets by Atanassov.K.T [1] ,Vague sets [5] are mathematically equivalent. Any such set 

A of a given Universe X can be charactrierized by means of a pair of function ( mA  , nA ) 
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where mA : X to [0  1] and  fA  : X [0, 1]  such that 0 ≤ (x) + nA(x)  for all x in X.The 

set mA(x) is called the  membership function and the set nA(x) is called non membership 

function and (x)  gives the evidence of how much x belongs to A, nA(x)  gives the 

evidence of how much x does not belongs to A.These concepts are being applied in several 

areas like decision-making, fuzy control, knowledge discovery and fault diagnosis etc.It is 

believed the vague sets (or equivalently intuitionistic fuzzy sets) will more useful in decision 

making, and other areas of Mathematical modeling. Through Atanassov's 

intuitionisticfuzzysets, [4] Gahu.w and Buehrer.D.J and some other areas of Mathematical 

modeling. Since then the theory of fuzzy sets developed extensively and embraced almost all 

subjects like engineering science and technology. But the membership function mA (x) gives 

only a approximation belong to A .To avoid this and obtain a better estimation and analysis 

of data decision making.Gahu.W. and Bueher D.J. [4] have initiated the study ofvague sets 

with the hope that they form a better tool to understand, interpret and solve real life problems 

which are in general vague,than the theory of vague sets do.The objective of this paper is to 

contribute further to the study of vague algebra by introducing the concepts of vague frames, 

vague co-frames and vague cut-set on vague frames, vague co-frames etc on vague frames 

with suitable examples. 

 

2. Preliminaries 

In this section we briefly present the necessary material on frame, fuzzy frames, lattices, 

complete lattices and illustrate with examples. 

Definition 2.1 [4] 

A frame is a complete lattice L satisfying the distributive law x (VS)= V{x s:s S} for all 

x  and S  L,  denotes arbitrary meet and V denotes arbitrary join 

Definition 2.1 [4] 

A  co-frame is a complete lattice F satisfying the infinite distributive lattice L satisfying the 

distributive law x (VS)= V{x s:s S} for all x  and S  L,  denotes arbitrary meet and V 

denotes arbitrary join 

Definition 2.1 [4] For any co-frame F, a sub set p of S is a filter if x, y  x  

(x y)  and  x ,y x  implies y≥P  

Definition 2.2Let F be a fuzzy frame, then a fuzzy set :F [0  1] of F is said to be a fuzzy frame 

if it satisfies the following properties. 

1. VS) min{ (a):a  S} for every S  

2. a⋀b)  min{ (a), (b)} for all a,b  F 

3. ( )= ( ) (a) for all a  F,where  and  respectively the unit and zero 

element of the frame F. 

Definition 2.9: Vague sets A and B are equal, written as A = B, iff  A ⊆ B 

and B ⊆ A. i.e., tA = tB ,fA = fB. 

3. Vague Co-frames: In this section we introduce vague frames, vague co-frames and 

complement of vague co frames etc. 
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Definition 3.1Let F be a co-frame, Let  AA ftA , be a vague set of F is said to be vague 

frame if, 

1.       ytxtyxt AAA ,min   

2.       yfxfyxf AAA ,max  

3.       ytxtyxt AAA ,max  

4.        fyxyfxfyxf AAA  ,,min  

Lemma 3.2If A and B are any two vague frames of F. Then  BA  is also vague frame of F 

and its union is need not be a vague frame. 

Definition 3.3Let A be a vague frame set and   BABA  : ,B is a vague frame of F 

where BA  means    xtxt BA   and     .Fxxfxf BA  Then A is called the vague 

frame generated by A. 

Definition 3.4 The operation of meet and join on a coframe F can be extended to vague sets 

of F as follows. 

           fxxfxtxBAi BABA   ;,,  

           fxxfxtxBAii BABA   ;,,  

Where                vfufxfandvtutxt BA
xvu

BABA
xvu

BA 





 minmax
 

               vtutxfandvtutxt BA
xvu

BABA
xvu

BA 





 minmax  

The operations u and v an co-frame f can be retrieved from   and  by embedding F into 

vague set as the set of all vague singletons of which is an vague set 

     FyyfytyF AAx  ;,,  

Where    


















yx

yx
yfand

yx

yx
yt AA

;1

;0

;0

;1
 

3.5 Theorem. If every non-empty vague cut-set   ,A  of a vague set A is a vague frame of 

f then A is a vague frame on f . 

Proof:  Let         1,0,,;,   xfxtfxA AA  

Hence      fAfA ofef and      1,0 fAfA otet  

In particular we have fo and fe belongs to both  
1TAt and  

1TAf also  
2TAt and  

2TAf . 

Where 1T  and  2T  are largest and smallest elements of  1,0  such that  
1TAt ,  

1TAf ,  
2TAt and 

 
2TAf are non-empty. 

Hence             fxxtofefandxtofet AfAfAAfAfA   

Now let S be an arbitrary subset of f . 

Then  i     SxxtSt AA  ;min  

    SxxfSf AA  ;max  

Observe there exists some FS 0 such that  

    0;min SxxtSt AA   or     0;max SxxfSf AA   
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Taking        00, ;min
2

1
SxxtStA AA   

We have     000 ;min SxxttSt AA   

Hence 0SxtA 


  and hence 
AtS 0  

Since  
 0,0 AAt is a frame and we have    

  ,
0 AAtS   

 
   

 1,0, 000
0,0,

 
 AAA ttSt  

Which is contradiction. 

Similarly by taking      000 ;max
2

1
SxxfSft AA   and we 

have  
 

  00 ;max
0,0

SxxftSf AAA 


,Hence 
 

  0
0,0

Sxxft AA 


 

  0
0,0

Sxfx A 


 and hence 
AfS 0  

 00 ,Ax  is a vague frame. 

3.6 Theorem. Let A and B are vague frames then (A  B)=(A B) 

Proof: we have Fx ,        vtut
xvu

xt BABA 




max
 

   xtxt BA   xt BA  

And        vfuf
xvu

xf BABA 




min
 

     xfxfxf BABA   

Hence    BABA  ,Now since        vtutxtvut
iiii AAAA   

And hence we have    utxt
ii AA  and    vtxt

ii AA  for ii BA   

       vtut
xvu

xt BABA 




max
 

           xtxtxtxtxt
xvu

BABABA 



max

 

       vfuf
xvu

xf BABA 




min
 

           xfxfxfxfxf
xvu

BABABA 



min

 

                                 (A  B)  ⊆ (A B)  

                        Hence (A  B)=(A B). 

Theorem.3.7 If A is a vague frame of a frame f . Then every vague cut-set   ,A  of A is a 

vague frame of f . 

Proof:  Let  AA ftxA ,,  be a vague frame of f . 

            Let   ,, Ayx 
 then 

  xtA and 
  xf A  
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yxt

ytxtyxti

A

AAA ,min
 

        

 










,max

,max yfxfyxfii AAA

 

   yxf A  

         

       

 





,

,,

,,

;max

;min

Aeando

AxxfAf

AxxtAtiii

ff

AA

AA







 

  ,A  is a vague frame of f . 

Theorem 3.8 Given an arbitrary collection  
A  and A is a vague frame of f then  

 





AAAA 










 

Proof: we have for       wtwtwtFw AA
AA 



 













 




,  

     
 



atwt A
wAa

A

 max  

     
 

atwt AA 


max  

     
 

atwat AA 


max  

     
 



atat AA
waa




max  

   


AA tt 


max  

     wfwAAt AAA
A

 





 ,  

    wfwf A
A

A 
  

    
 



afwf A
Awa

A

 max  

     
 



afwf AA
Awa




min  

     
 



afwaf AA
Awa




min  

     
 



afaf AA
Awa




min  

   
 



aff AA
Awa




min  

  wAAf A 
   

    





AAAA
AA


  and also    AAA  and     AAA  

Hence   





AAA
AA 
 and   AAA

A






 

   





AAAA
AA 
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Lemma 3.9 Let A, B and C be any three vague frame of f then  

          CBCABAiiCABACBAi   

Theorem 3.10 Let A and B be any two vague co-frames then  BA  is a vague co-frame 

and    BABA . 

Proof:    Let fx then  

               fxvfufvtutxxBAi BA
xvu

BA
xvu




;min,max,  

           
fBAfBA efxfetxtx  ,,  

    xfxtx AA ,,  

  ABA  Similarly we can prove that   BBA  Thus    BABA   

         vtutyxtii BA
yxvu

BA 


 max  

    2211max vutvut BA   

For xuu  21 and fvuyvv  ,;21  

          2211max vtutvtut BBAA   

          2121max utututut BABA   

      Fuuxuuutut BA  212121 ,,;max  

      Fvvyvvvtvt BA  212121 ,,;max  

       Fyxytxt BABA   ,;  

       vfufyxf BA
yxvu

BA 


 min  

    2211min vufvuf BA   

          2211min vfufvfuf BBAA   

          2121min vfvfufuf BABA   

      Fvuxvuvfvf BA  ,,;min 21  

       Fyxyfxf BABA   ,;  

         vtutyxtiii BA
yxvu

BA 


 max  

         yxvyuyFvuxvuvytuyt BA  ,,;max  

     Fvuxvuytut BA  ,,;max  

   Fyxxt BA   ,  

Similarly we have       Fyxytyxt BABA   ,;  

         Fyxytxtyxt BABABA   ,;  

         vfufyxfiv BA
yxvu

BA 


 min  
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         yxvyuyFvuxvuvyfuyf BA  ,,;min  

     Fvuxvuyfuf BA  ,,;min  

   Fyxxf BA   ,  

Similarly we have       Fyxyfyxf BABA   ,;  

         Fyxyfxfyxf BABABA   ,;  

      1 fBfA efetv   

       Clearly        vtutet BA
evu

fBA
f




 max  

    1 fBfA etet  

And since     0 fBfA efef  

       vtutef BA
evu

fBA
f




 min  

    0 fBfA efef
 

Remark. If we interchange the role of 


 and 


 in the above theorem, only one sided 

inequality   is holds
 





AAAA 











 

Theorem 3.11 The set  FIF  of all vague filters of the co-frame F is a co-frame. 

Proof: Let  FIF  is a complete lattice, which is bounded above by  

       FxxfxtxFA
FF

AA  /,,
  ,Where   1xt

F
A

and   0xf
F

A
 

And bounded bellow by      FxxfxtxA
FFF AAe  /,,


, Where  



 


otherwise

exif
xt

f

e f ;0

;1
and 

 


 


otherwise

exif
xf

f

e f ;1

;0
also    





AAAA




 

 For arbitrary collection  
A  and A of a vague frame of f then by the above theorems  

 FIF  is a co-frame. 

Theorem 3.12 Let A and B be any two vague frames of a frame F then  BA  

is a vague frame of F and    BABA  

Proof:Let Fx  
               fxvfufvtutxxBAi BA

xvu
BA

xvu



;min,max,

 

           fBAfBA efxfetxtx  ,,
 

    xfxtx AA ,,  

  ABA   Similarly we can prove that   BBA  Thus    BABA   

       vtutyxt BA
yxvu

BA 


 max  

    2211 vutvut BA   

For xuu  21 and fvuyvv  ,;21  
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          2211 vtutvtut BBAA   

          2121 vtvtutut BABA   

             FvvyvvvtvtFuuxuuutut BABA  212121212121 ,,;,,;  

       Fyxytxt BABA   ,;  

       vfufyxf BA
yxvu

BA 


 min  

    2211 vufvuf BA   

          2211 vfufvfuf BBAA   

          2211 vfufvfuf BBAA 
 

          2121 vfvfufuf BABA 
 

         FvvyvvvfvfFuuxuuufuf BABA  212121212121 ,::,::  

       Fyxyfxf BABA   ,;
 

         vtutyxtii BA
yxvu

BA 


 max  

         yxvyuyFvuxvuvytuyt BA  ,,;  

     Fvuxvuvtut BA  ,,;  

   Fyxxt BA   ,  

Similarly we have       Fyxytyxt BABA   ,;  

         Fyxytxtyxt BABABA   ,;  

       vfufyxf BA
yxvu

BA 


 min  

         yxvyuyFvuxvuvyfuyf BA  ,,;  

     Fvuxvuvfuf BA  ,,;  

   Fyxxf BA   ,  

Similarly we have       Fyxyfyxf BABA   ,;  

         Fyxyfxfyxf BABABA   ,;  

      1 fBfA efetv   

       Clearly        vtutet BA
evu

fBA
f




 max  

    1 fBfA etet  

And since     0 fBfA efef  

       vtutef BA
evu

fBA
f




 min  

    0 fBfA efef
 

Thus if A and B are vague frame of F then 
 BA  is a vague frame of F. 

Now let C any vague frame of F such that   CBA   
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Then        vtutxt BA
xvu

BA 


 max
 

    vtut CC  max  

    xtvut CC
xvu




max  

       vtutxf BA
xvu

BA 


 min
 

    vfuf CC
xvu




min  

    xfvuf CC
xvu




min  

Hence   CBA   

Thus  BA  is the smallest filter of F such that ( B)  (A   B). 

Hence (A  B)=( B). 

Theorem 3.13 Let A is a vague co-frame of F and B is a vague set of S with AB   
then B is a vague frame of A if and only if   

              Fyxyfxfyxfytxtyxti BBBBBB  ,,  

             fAfBfAfB etefandetetiiiBBAii   

Proof: Suppose the above conditions are hold then we have to prove that B is vague frame of 

A. Since   BBA  then          vtutyxtyxt BA
yxvu

BAB 


 max  

     Fyxytxt BA  ,,,min  

         vfufyxfyxf BA
yxvu

BAB 


 max  

     Fyxyfxf BA  ,,,min  

Also        Fyxxtytyxt BAB  ,,,min and        Fyxxfyfyxf BAB  ,,,min  

Hence             ytxtxtytyxt ABBAB ,min,,minmax and 

            yfxfyfxfyxf ABBAB ,max,,maxmin  

Therefore B is a vague frame of A. 

Conversely, If B is a vague frame of A, then we have 

       Fyxytxtyxt BBB  ,;,min and        Fyxyfxfyxf BBB  ,;,max and 

       
fAfBfAfB etefetet  ,  

Now for all FZ with  yxZ  ,        ztytxt BABA
zyx




,minmax  and 

         zfyfxfzf BABA
zyx

B 


 ,maxmin  

Hence   BBA  . 

Theorem 3.14 Let A is a vague co-frame of F and let B,C two vague frames of A then 

 CB   is a vague frame of A and    ., CBCCBB   

Proof:  (i) we have          ytxtyxt CBCBCB   ,min  and          

              BABAyfxfyxf CBCBCB   ,max  

              (ii) we have B,C are vague frames of a frame   BBA   and   CCA   
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                   Hence        CBCABACBA   

               (iii) Also clearly      
fAfCB etet   and     fAfCB efef   

               Hence  CB   is a vague frame of A. 

              Again               xtetxtvtutxt BfCBCB
xvu

CB 


 ,min,minmax  and             

               Fxxfxfxfvfufxf BCBCB
xvu

CB 


 ;,max,maxmin  

               Hence  CBB  , similarly we can prove that  CBC   
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