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I. Introduction

The concept of frames has been studied by many mathematicians including Banaschewski,
Diwker,and Johnstone,For details one can refer to [2-3].In 1965 Also the concept proposed
by Zadeh.L.A.[12] defining a fuzzy subset A of a given universe X characterizing the
membership of an element x of X belonging to A by means of a membership maping ma(x)
defined from X in to [0 1] has revolutionized the theory of Mathematical modeling. Decision
making etc.,in handling the imprecise real life situations mathematically. Now several
branches of fuzzy mathematics like fuzzy algebra,fuzzy topology ,fuzzy control theory ,fuzzy
measure theory etc.,haveemerged. But in the decision making, the fuzzy theory takes care of
membership of an element x only, that is the evidence against x belonging to A .1t is felt by
several decision makers and researchers that in proper decision making,the evidence belongs
to A and evidence not belongs to A are both necessary and how much X belongs to A or how
much x does not belongs to A are necessary. Several generalizations of Zadeh's fuzzy set
theory have been proposed, such as L-fuzzy sets [6]. Interval valued fuzzy sets,Intuitionistic
fuzzy sets by Atanassov.K.T [1] ,Vague sets [5] are mathematically equivalent. Any such set
A of a given Universe X can be charactrierized by means of a pair of function ( ma  na)
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where ma : Xto [0 1] and fa : X to [0, 1] such that 0 <m,(x) + na(x)=< 1 for all x in X.The

set ma(x) is called the membership function and the set na(x) is called non membership
function and m,(x) gives the evidence of how much x belongs to A, na(x) gives the

evidence of how much x does not belongs to A.These concepts are being applied in several
areas like decision-making, fuzy control, knowledge discovery and fault diagnosis etc.lt is
believed the vague sets (or equivalently intuitionistic fuzzy sets) will more useful in decision
making, and other areas of Mathematical modeling. Through Atanassov's
intuitionisticfuzzysets, [4] Gahu.w and Buehrer.D.J and some other areas of Mathematical
modeling. Since then the theory of fuzzy sets developed extensively and embraced almost all
subjects like engineering science and technology. But the membership function ma (X) gives
only a approximation belong to A .To avoid this and obtain a better estimation and analysis
of data decision making.Gahu.W. and Bueher D.J. [4] have initiated the study ofvague sets
with the hope that they form a better tool to understand, interpret and solve real life problems
which are in general vague,than the theory of vague sets do.The objective of this paper is to
contribute further to the study of vague algebra by introducing the concepts of vague frames,
vague co-frames and vague cut-set on vague frames, vague co-frames etc on vague frames
with suitable examples.

2. Preliminaries

In this section we briefly present the necessary material on frame, fuzzy frames, lattices,
complete lattices and illustrate with examples.

Definition 2.1 [4]

A frame is a complete lattice L satisfying the distributive law x/A(VS)= V{xAs:seS} for all

XE L and SE L, A denotes arbitrary meet and V denotes arbitrary join

Definition 2.1 [4]
A co-frame is a complete lattice F satisfying the infinite distributive lattice L satisfying the
distributive law xA(VS)= V{x/As:seS} for all xe L and S< L, /A denotes arbitrary meet and V

denotes arbitrary join
Definition 2.1 [4] For any co-frame F, asub set p of Sis a filter if x,y X € L

(xAy) € L and x€ L,y=x implies y>P € L
Definition 2.2Let F be a fuzzy frame, then a fuzzy set pt:F—[0 1] of F is said to be a fuzzy frame
if it satisfies the following properties.

1. p(VS)=min{u(a):ac S} for every SC F

2. p(aAb)= min{ u(a), p(b)} for all a,be F

3. u(ep)= u(os)= w(a) for all a€ F,where e, and o, respectively the unit and zero

element of the frame F.
Definition 2.9: Vague sets A and B are equal, written as A =B, iff A € B

and BC A. ie., ta=ts,fa=fB.
3. Vague Co-frames: In this section we introduce vague frames, vague co-frames and

complement of vague co frames etc.
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Definition 3.1Let F be a co-frame, Let A=(t,, f,)be a vague set of F is said to be vague
frame if,

Lty(xAy)=min{t,(x)t,(y)}

2. f,(x A y)<max{f,(x) f,(y)}
3.t,(xv y)=maxit,(x)t,(y)}

4. f,(xvy)<min{f,(x), f,(y)} vx,yef

Lemma 3.2If A and B are any two vague frames of F. Then(
and its union is need not be a vague frame.

Definition 3.3Let A be a vague frame set and (A= m{B tAC B},B is a vague frame of F
where AS B means ta(¥)<tg(X) gng fa(x)= f5(X) VX e F.qp0n (A)is called the vague

frame generated by A.
Definition 3.4 The operation of meet and join on a coframe F can be extended to vague sets
of F as follows.

(i) (A/_\ B)= {(X t(AXB)(X)' fiaze) )X € f}

(i) (AVB)={(x, tiame) (X Frave) ( (x)hxe f}

Where ts ()= Tty 0)A L)} a0 Tce ()= min{£,(0)v 1)
ey 0= My ()t (D} 200 T (0= i, () s ()

The operations u and van co-frame f can be retrieved from A and ¥ by embedding F into
vague set as the set of all vague singletons of which is an vague set

F ={y.ta(y) falylyeF)}

1 ;:x= 0 ;x=
Where tA(y):{0 _X;; and fA(y):{1 'x;t;/

ANB) s also vague frame of F

3.5 Theorem. If every non-empty vague cut-set A, ,, of a vague set A is a vague frame of
f then A is a vague frame on f .

Proof: Let A, , ={xe fit,(x)=a, f,(x)< B} Va,B<[0]]

Hence f,(e, )= f,(0; )< Band t,(e, )=t,(o, ) Y €[0]]

In particular we have o, and e, belongs to both (t, ), and(f, ), also (t,), and (f,), .
Where T, and T, are largest and smallest elements of [0,1] such that (t, ), ,(f,), ,(t,), and
(f, ), are non-empty.

Hence t,(e; )= f,(0;)>t,(x) and f,(e,)=f.(o; )<t (x) wxef

Now let S be an arbitrary subset of f .

Then (i)t,(vS)>min{t,(x);xeS}

f,(vS)<max{f,(x)xeS}

Observe there exists some S, — F such that

ty(vS)<min{t,(x)xeS,} or f,(vS)>max{f,(x)xeS,}
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Taking A, , =%{tA(v S, )+ minft, (x); x & S, 11
We have t,(vS,)<t, <minft,(x);xeS,}
Hence o et, VxeS, andhence S, ct,

since (ta ), isaframeand we have (vS,)el(ty),

A(aovﬁo
L ta(vSo)>ty >ty Vg, B €[0d]
Which is contradiction.

Similarly by taking t, :%{fA(v S, )+max{f,(x);xeS,}} and we
have f,(vS;)>t,  >max{f,(x)xeS,}Hencet, >f,(x) vxes,

. xef, = V¥xe§;andhence S, c f,

. XeA,, ;) Isavague frame.
3.6 Theorem. Let Aand B are vague frames then (AV B)=(AnB)

Proof: we have x € F, t g ()= max {t,(U)Atg(v)}

>t,(X)Atg(x) > tAmB-(x)
Ad ()= (R ()

< fa(})v f(x)< fog(x)
Hence (AnB)< (AV B),Now since t, (uvv)=t, (x)>t, (u)vt, (v)

And hence we have t, (x)>t, (u)and t, (x)>t, (v)for A =B,

(0= AL

< T BOAL ()= LA (0= g ()
fa)=, ()Y ()

> T 00V Fa01 00V £ Fua ()

(AV B) € (ANB)
Hence (AV B)=(AnB).
Theorem.3.7 If A is a vague frame of a frame f' Then every vague cut-set Awp) of Als a
vague frame of f

proof: Let A=(Xta ) bea vague frame of T .
Let XY €Aup) hen taX)Za oy falx)<p
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[ taxay)zminft,(x)t.(y)}2 @
=t,(xAy)>a
(if) fa(xny)<max{f,(x) f.(y)}
<max{g, }
<p
= fu(xay)<p
(i)t (v A ) )= minit, (X x € A )
fA(VA( ﬂ))<max{ ( )XEA(aﬂ}

=0, and e; e A,
. A,y isavague frame of f.

Theorem 3.8 Given an arbitrary collection (A, ),_, and A is a vague frame of f then

Am( A A ] ~(ANA,)
aeA ae/\

Proof: we have for we F,t{

=t,(W)A max /\(t a,))|

- max )t (0, )

Smaxi]/\( a, VWAt (aa))}

= max /\(t( )/\tAa(aa))}

a,ena,=w

= maxiy/e\A tyNt, XOC)}
= %a@\ (Am A, )(W), fAmAaeA (W)}
W)/\ kX f XW)

= f, (WA max |v f (aa))

Ay EAB, =W EA As

= min v(f (w)A an(aa)))

/\aEAa =W

= min v( W3, vw)af, (a,))

Ne E/\a =W

= min v(f (a, ) an(aa)))

Ay ENB,

s3] (w)=t,(wW)A 7 6, Jw)

aeh

= m|n v(f manXa )

f/\ eA(AmA XW)

LA ANA
mv CaA( o )and also (AnA)c Aand (ANA))C A VaeA
Hence = (AnA,)c A A,and KA(AmAa)gA

achA

A(ANA,)=AN(R A, )

aeA
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Lemma 3.9 Let A, B and C be any three vague frame of f then

(i) AV(BAC)c(AVB)A(AVC) (i) AcB=AVCcBVC

Theorem 3.10 Let A and B be any two vague co-frames then (A& B) is a vague co-frame
and(AAB)=(AUB).

Proof: Let xe f then

AR B0= s W) nte W in 10(0) Fo e £

S (0t e, 00 Toley )
S (08,0, Fo )

~.(AAB)2 ASimilarly we can prove that (AA B)2 B Thus (AAB)2(AUB)
e 0 9)= 185 (01,0

> max{tA(ul /\Vl)/\tB(Uz /\Vz)}

= tinee)
f(AXB) /\Y)Z mm { A( ) ( )}

A (uz /\Vz)}
A Fav)iv {fauy) A fo (vl
)V fB(UZ)}V{fA(Vl)V fB(VZ)}}

(x
<min{f,(u, Av,)v f
{

> max{tA(u)/\tB(y)};u AV=XUVveF
=tm(X) VX, y e F

Similarly we have o) (X V ¥)2 tae) (Y WX,y € F
t(AXB)(X v Y)Z t(AXB)(X)Vt(AXB)(y); vx,yeF

(iV) f(AXB)(X Vv y) = UArvn:i)[ly{fA(u)/\ fg (V)}
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<min{f,(yvu)v fg(yvv)iuav=xuveF( (yvu)a(yvv)=xvy)
<Amin{f,(u)v fg(y)uav=xuveF

= fare) (X) VX, y €F

Similarly we have Fiane) (XY )< Tae) (Y WX,y € F
“ Fane) (X V) Fang) () A Flame) (VS VX, y € F

(v) tale; )= fole; )=1

C|ear|y (ARB (e ) urpvai( {t ( )/\tB(V)}

>t,(e )atsler)=1

And since f,(e; )= f,(e;)=0

flucey &1 )= min {t,(u)aty (V)

< fA(ef )/\ fB(ef ): 0
Remark. If we interchange the role of ™ and " in the above theorem, only one sided

inequality is holds (Q\A jc QA(AA A.)

Theorem 3.11 The set I (F) of all vague filters of the co-frame F is a co-frame.
Proof: Let I (F) is a complete lattice, which is bounded above by
A, (F)= {(X’t% (x), fo (x))/ x e F| Where t, (x)=1land f, (x)=0

1 if
And bounded bellow by A, ={x.t, (x),f, (x))/xeFj, Where t, (x)= {0 olh:rwzfe

0, if x=¢;
fe, (x)= {1 otherwise also a/E\A(Av A)=Av A A )

For arbitrary collection (A,)._, and A of a vague frame of f then by the above theorems
|- (F) is a co-frame.

Theorem 3.12 Let A and B be any two vague frames of a frame F then (A/_\ B)

is a vague frame of F and (ARB)=(AUB)
Proof:Letx e F

(iIXARB)x)={x, mg{tA(u)/\tB(v)}, min{f,(u)A fo(vV)lixe f )

UAV=X

> {(X’ {tA(X)/\tB (ef )}’ {fA(X)V fB(ef )})}

2 (x,t,(x) F(x))

~.(AXB)2 A Similarly we can prove that (AAB)> B Thus (AAB)2(AUB)
o 0 ¥)= 3¢ @)t 1)

UAV=XAY
> it (U AV At (U, AV, )}

For Ui AU, =Xgng ViAV, =Y ;U Ve f
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f(AXB)(X A y) = min

fo(u)v fo(uy):u, Au, =x:u,u, € FivA{f,(v,)v f5(v,):v, AV, = y:v,,v, e F}

{falu)
{f ARB (X v fA/\B)( )} vx,yeF
i )t

ARB (va)_ {t (u)/\t (V)}

Vit (yvu)aty (y\/V)}U/\V xu,veF(: (yvu)a(yvv)=xvy)
Vit (WAt (V)uav=x,u,veF
=t (X) VX, y e F

v v =

Similarly we have faze XV Y)= tie (Y VX y € F
tiaze) (XV y)Zt ARB ( )Vt A/\B)( ) vx,yeF
f(AXB)(XVy)Z min {fA( )V fB( )}

UAV=XVY
<Alf(yvu)v fo(yvv)huav=xuveF( (yvu)alyvv)=xvy)
<A{f W)V fo(Vuav=xuveF
_fAAB( )VX’yEF
Similarly we have Fiane) XV Y)< fuee) (Y WX,y € F
) (XV V) Face) () A Faemy (V)X y € F
(v) tale; )= fole, )=1

C|ear|y ARB (e ) urnlazz(f{tA(u)/\tB(v)}
>t,(e, )atgle, )=1
Andsince f,(e, )= f,(e,)=0

flase) &1 )= min ft, (W) Aty (V)

< fA(ef )/\ fB(ef ): 0

Thus if A and B are vague frame of F then ( is a vague frame of F.
AUB)cC

AAB)

Now let C any vague frame of F such that (
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Then toase) (X)=maxit, (u) Aty (v)}

UAV=X

< maxtc (u) A te (v)}
< max{t UAv)i=t.(x)

V=X

fiane (x) = min it (u) Aty (v)}

UAV=X

= min{fc (u) e (v))

UAV=X

> min {fe (uv)=fe(x)

UAV=X

Hence (AAB)cC

Thus (A/_\ B) is the smallest filter of F such that (4 YB)S (A/A B).

Hence (A?\ B)=(4 UB).

Theorem 3.13 Let A is a vague co-frame of F and B is a vague set of S with Bc A

then B is a vague frame of A if and only if

(i) ts(xAY)2ta (})Atg(y) fa(x A y) < Fo(X)v o (y) VX y e F

(ii) (AV B)Q B (iii)tB(ef ):tA(ef )and fB(ef ):tA(ef )

Proof: Suppose the above conditions are hold then we have to prove that B is vague frame of
A. Since (AV B)c Bthen ty(xv y)2t s (X v y):uw%y{tA(u)/\tB(v)}

>min t, (x).ts (y)}, vx, y € F
fB(XV Y)S f(AVB)(XV Y)— max {fA(u)V fB(V)}

uwvv=xvy

<min{f,(x), f5(y),vx,yeF
Also ty(xv y)=min{t,(y)ts(x)}, vx,ye Fand f,(xvy)<min{f,(y) fs(x)}, vx,yeF
Hence tg(xv y)>max{min{t,(y),ts (x)}, min{t,(x),t,(y)}and

fA

fa (v y) < min{max{f,,(x), fa (y)} max{fa (). fo(y)}}
Therefore B is a vague frame of A.
Conversely, If B is a vague frame of A, then we have

te(x A y)=minft, (x),t5(y); vx, y e Fand fy(xAy)<max{f,(x), f5(y)};vx,yeFand
toler)=taler) . foles)=tale)

Now for all Z e F with Z =(xv y), maxmin{t,(x),t (y)} =t(xe)(2) and

Xvy=z

fB(Z)S min max{fA(X)’ fB(y)}: f(AVB)(Z)

Xvy=z

Hence (AVB)c B.
Theorem 3.14 Let A is a vague co-frame of F and let B,C two vague frames of A then
(BAC) is a vague frame of Aand B<(BAC),C c(BAC)
Proof: (i) we have tgc)(XA ¥)=min{g.c)(X) tec)(y)} and
f(Bxc)(X A y) = max{f(Bxc)(X)’ f(Bxc)(y)K-' (AX B) = (AU B))
(i) we have B,C are vague frames of a frame (AV B)c B and (AVC)cC
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Hence AV(BAC)c (AVB)A(AVC)c(BVC)
(iii) Also clearly t(Bxc)(ef ):tA(ef ) and f(BKC)(ef ): fA(ef )
Hence (B A C) is a vague frame of A.

Again tgc)(x)=maxmin{ty () tc (v)} > min {t, (x),t

te(e, )j=ts(x) and

flone) (X) = min meax{ (u), fo (V)< max{ £, () fo ()} = Fo x ) vxeF
Hence B < (BAC), similarly we can prove that C  (BAC)
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